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Abstract 



This is the first of two papers where we address and partially con- 
firm a conjecture of Deser and Schwimmer, originally postulated in high 
energy physics. The objects of study are scalar Riemannian quantities 
constructed out of the curvature and its covariant derivatives, whose inte- 
grals over compact manifolds are invariant under conformal changes of the 
underlying metric. Our main conclusion is that each such quantity that 
locally depends only on the curvature tensor (without covariant deriva- 
tives) can be written as a linear combination of the Chern-Gauss-Bonnet 
integrand and a scalar conformal invariant. 

1 Introduction 

1.1 Outline of the problem. 

Consider any Riemannian manifold (M n ,g n ). The basic local objects that de- 
scribe the geometry of the metric g n are the curvature tensor Rijki and the 
Levi-Civita connection V s n . We are interested in intrinsic scalar quantities 
P(g n ). These scalar quantities, as denned by Weyl (see also \T5\ and 0]), are 
polynomials in the components of the tensors Rijki, ■ ■ • , V™ r Rijkl , ■ ■ ■ and 
g lJ , with two basic features: The values of these polynomials must be invariant 
under changes of the coordinate system (or isometries), and there must also 
be a number K so that under the re-scaling g n — > t 2 g n (t € we have 

P{t 2 g n ) = t P(g n ). We then say that P(g n ) is a scalar Riemannian invariant 
of weight K. 

It is a classical result, implied in Weyl's work |26| . that any such Riemannian 
invariant P(g n ) of weight K can be written as a linear combination 



of complete contractions C 




(1) 



contr{V™^ rmi R, 



■iijikih 



<g> • • • <g> v: 



ti—t 




(2) 



for which C l (t 2 g n ) = t K C l {g n ). 

This notion of intrinsic extends to vector fields. We define an intrinsic 
vector field T a (g n ) (a is the free index) of weight if to be a polynomial in 
the components of the tensors Rijki, ■ ■ ■ >V£J_ r iZyjM, . . . and g iJ , with the 
property that under changes of coordinates (isometries) that map the coordinate 
functions x 1 , . . . ,x n to the coordinate functions y 1 , . . . , y n , T a (g n ) must satisfy 
the transformation law: 

where T' a stands for the vector held expressed in the new coordinate system. 
Moreover, we say that T a {g n ) has weight K if T a {t 2 g n ) = t K+1 T a (g n ). 

By Weyl's work, we have that an intrinsic vector held of weight K must be 
a linear combination of partial contractions, with one free index, in the form: 

pcontr{V™\ rmi R l]kl ® • • • ® V^.t^Ri^krlr) (3) 

We recall that under general conformal re-scalings g n = e 2 ^ x ^g n the volume 
form re-scales by the formula rfVan = e n ^ x 'dV g n , in particular for any constant 
t we have dV t 2 gn — t n dV g ™. Thus, for any scalar Riemannian invariant P(g n ) of 
weight — n we have that J Mn P(g n )dV g n is scale-invariant for all compact and 
orientable manifolds M n . 

The problem we address in this paper and in |2] is to find all the Riemannian 
invariants P{g n ) of weight —n for which the integral: 

P(g n )dV gn (4) 

is invariant under conformal re-scalings of the metric g n on any M n compact 
without boundary. 

In other words, we are requiring that for every real-valued function 4>{x) € 
C°°(M n ) we must have that for g n (x) = e 2 ^ g n : 



g" — + V.y !^"g" 



P(g n )dV S n = / P(g n )dV gn (5) 



This question was originally raised by Deser and Schwimmer in |12j (see also 
[21] and 0) in the context of understanding "conformal anomalies". On the 
other hand, an answer to this question would also shed light on the structure of 
Q-curvature in high dimensions. The problem, as posed in |12| . is the following: 

Conjecture 1 (Deser-Schwimmer) Consider a Riemannian scalar P(g n ) of 
weight —n, for some even n. Suppose that for any compact manifold {M n ,g n ) 
the quantity 

P(g n )dV gn (6) 

M" 
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is invariant under any conformal change of metric g n (x) — e 2 ^ x 'g n {x). Then 
P(g n ) must be a linear combination of three "obvious candidates", namely: 

P(9 n ) = W(g n ) + diving") + c ■ Pfeff(JZy W ) (7) 

1. W(g n ) is a scalar conformal invariant of weight —n, ie it satisfies W(e 24,( - x) g n )(x) = 
e -n<t>(x)W(g n )(x) for every <j> S C°°(M") and every x € M n . 

2. Ti(g n ) is a Riemannian vector field of weight —n + 1. (Since for any 
compact M n we have J Mrl diviTi(g n )dV g n = 0.) 

3. Pfaff stands for the Pfaffian of the curvature R^u- (Since for any 
compact Riemannian (M n ,g n ) J Mn PfaS(Rijki)dV g n — 2 ^^3^p~ x{^ n ) ■) 

In this paper and in [2] we show: 

Theorem 1 Conjecture is true, in the following restricted version: 

Let us suppose that holds, and additionally that P(g n ) locally depends 
only on the curvature tensor Rijki and not its covariant derivatives V m Rijki 
(meaning that P(g n ) is a linear combination of contractions in the form 0) 
with mi = ■■■ = m r = 0). Then, there exists a a scalar conformal invariant 
W{g n ) of weight —n that locally depends only on the Weyl tensor, and also a 
constant c so that: 

S(g n ) = W(g n ) + c ■ Pf&tt(R ljkl ) (8) 
where Pfaff (Rijki) stands for the Pfaffian of the curvature Rijki- 

The proof of the above will shed light both on global conformal invariants 
that locally depend only on the curvature tensor (and not its covariant deriva- 
tives), but also on the structure of the Pfaffian of the curvature tensor. 

1.2 Geometric Applications of the Deser-Schwimmer Con- 
jecture: Q-curvature and re-normalized volume. 

Q-curvature is a Riemannian scalar quantity introduced by Branson for each 
even dimension n (see [H]). In dimension 2, Q 2 (g 2 ) = R(g 2 ) (the scalar cur- 
vature), while in dimension 4 its structure is well-understood and has been 
extensively studied. Its fundamental property is that Q n {g n ) has weight — n 
in dimension n and that the integral J M „ Q n (g n )dV g n over compact manifolds 
M n is invariant under conformal charges of the underlying metric g n . Thus, if 
one proves Conjecture Q in full strength, one would obtain that Q n (g n ) can be 
decomposed as in the right hand side of (0), in fact with c ^ 0. 

This fact is all the more interesting due to the nice transformation law 
of Q-curvature under conformal changes g n = e 2 ^ x ^g n . One then has that 
e n<p(x)Qn^~n^ _ Q™(^") _|_ P"„(0) J where Pg\{4>) is a conformally invariant 
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differential operator, originally constructed in |2(J|. Thus, prescribing the In- 
curvature can be informally interpreted as prescribing a modified version of 
the Chern-Gauss-Bonnet integrand Pfafl^iZyiw)- This modified Pfaffian enjoys 
a nice transformation law under conformal re-scalings, rather than the messy 
transformation that governs Pfaff (Rijki)- 

This understanding of the structure of Q-curvature in any even dimension 
raises the question whether the strong results of Chang, Yang, Gursky, Qing et 
al in dimension 4 (see for example ||], (TJ3], have analogues in higher di- 

mensions. Moreover, a proof of Conjecture^m full strength will lead to a better 
understanding of the notion of re-normalized volume for conformally compact 
Einstein manifolds. 

Conformally compact Einstein manifolds have been the focus of much re- 
search in recent years, see JH], [52], [23, EE]- to name just a few. What follows 
is a very brief discussion of the objects of study, largely reproduced from [55] , 

We consider manifolds with boundary, (X n+1 , g n+1 ), dX n+1 = M n , where 
the boundary M n carries a conformal structure [h n \. We consider a defining 
function x for dX n+1 in X: 

x\x > °> x \sx = 0, dx\ dX ^ 
We then say that g n+1 is a conformally compact metric on X n+1 with con- 
formal infinity [h n ], if we can find a smooth metric ~g n+1 on X so that in 
X n+1 : 

„n+l _ £ -ttti+I I , r- rtrjl 

ar 

A conformally compact metric is asymptotically hyperbolic, in the sense that 
its sectional curvatures approach —1 as x approaches 0. We notice that since 
we can pick different defining functions, the metric g n+1 in the interior X n+1 
defines a whole conformal class on the boundary. In the rest of this discussion, 
we will be considering conformally compact manifolds (X n+1 ,g n+ ) which in 
addition are Einstein. 

Conformally compact Einstein manifolds are studied as models for the Anti- 
dc-Sittcr/Conformal Field Theory (AdS-CFT) correspondence in string the- 
ory. In order to compute the partition function for the conformal field the- 
ory in the supergravity approximation, one must evaluate the Einstein action 
for the metric g n+1 , which in the case at hand is proportional to the volume 
of (X n+1 , g n+1 ). Since this volume is clearly infinite (g n+1 is asymptotically 
hyperbolic) one regularizes it through re-normalization, thus introducing the 
re-normalized volume. We briefly discuss this re-normalization procedure and 
its relation to Q-curvature below. For a more detailed discussion we refer the 
reader to ^Hj, ED ED an d the references therein. 

It is known that each choice of metric h £ [h n ] on the boundary M™ uniquely 
determines a defining function x in a collar neighborhood of dX n+1 in X n+1 , 
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say dX n+1 x [0,e], so that g n+1 takes the form: 

g n+l = x ~2( dx 2 + hx ^ ho = h} (9) 

where h x is a 1-parameter family of metrics on dX n+1 . We then consider the 
volume of the region R e = {x > e} in (X n+1 , g n+1 ), expanded out in powers of 
e, and let e — > 0. Given that g n+1 is Einstein, we have that if n is odd, then: 

vol gn+ i ({x >e}) = c e- n + c 2 e-™+ 2 + • • ■ + C-ie -1 + V + o(l) (10) 
whereas if n is even, then: 



™i 5 ~+i ({re > e}) = c e~" + c 2 e- n+2 + ■■■ + Cn-ie' 2 + Llog(-) +V + o(l) (11) 

Moreover, if n is odd and since g n+l is Einstein, Graham and Zworski showed 
in [55] that V is independent of the choice of metric h n in the conformal class 
[h n ]. (Recall that this choice was used in order to write out g n+1 in the form 
and hence also in defining the region R e , therefore V depends apriori on 
the choice h n 6 [h n ]). For n odd, V is called the re-normalized volume of 

(*"+\s n+1 ). 

For n even, one has that V is not independent of the choice of metric h n in 
the conformal class [h n ] . In this case it is the quantity L that demonstrates this 
invariance. This quantity L represents the failure of defining the re-normalized 
volume independently of the defining function x. It is therefore called the "con- 
formal anomaly" in the physics literature. Moreover, Graham- Zworski have 
shown that L = c n ■ J M „ Q(h n )dVh^ , where h n is an arbitrary metric in the 
conformal class [h n ]. Hence, a proof of Conjecture ^ would immediately imply 
that L can be written out as: 

L = I W(h n )dV hn + (Const) ■ X (M n ) (12) 

where W(h n ) is a scalar conformal invariant of weight — n and M n = dX n+1 , while 
x(M n ) stands for the Euler characteristic of M n and (Const) ^ 0. 

Another significant result has recently been obtained by Chang, Qing and 
Yang, |11|. relating the re- normalized volume V with the Q- Curva ture of g n+1 
and hence with the Euler characteristic of the manifold X n+1 . They show that 
if Conjecture 1 is true, then for n odd one can express the re-normalized volume 
of (X n+1 ,g n+1 ) via the Q-curvature: 

R.V.[(X n+ \g n+1 )] = (Const) n+1 ■ f Q n+1 (g n+1 )dV g ^ = 

, JX " +1 (13) 

/ W(g n+1 )dV gn+1 + (const) n+1 ■ X (X n+1 ) 
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where (Const) n +i, {const) n+ \ are nonzero dimensional constants and W{g n+1 ) 
is a scalar conformal invariant of weight — n— 1. Here the left hand side stands for 
the re-normalized volume of the manifold (X n+1 , g n+1 ). Hence, it follows that 
the re-normalized volume explicitly depends on the topology of X n+1 , via its 
Euler characteristic. A result related to has been independently established 
(by an entirely different method) by Albin in pQ. 

This identity raises the question of whether one can adapt the powerful 
techniques developed for the study of Q-curvature to the study of conformally 
compact Einstein manifolds. Strong results have already been obtained in di- 
mension 4, see |1U| . For higher dimensions one might try to extend the work of 
Brendle 8 to this setting. Another question would be whether one can obtain 
expressions analogous to (|12|l and l|13|l for the re-normalized areas and conformal 
anomalies of submanifolds, defined by Graham and Witten in |21j . 

1.3 Outline of the paper. 

Our theorem is a structure result for P(g n ). We use the "global" conformal 
invariance under integration of P(g n ) to derive information on its algebraic 
expression. 

In this paper we introduce the main tool that will show Theorem ^ the so- 
called super divergence formula. For each P(g n ) that satisfies (JSJ, we define an 
operator I gn ((j)) that measures the "non-conformally invariant part" of P(g n ) 
(see ()26[) below). We then use the property (|27[) of I g ™(4>) to derive the super 
divergence formula for I g ™(4>) (in fact, for a polarized version of I g n (</>)). This 
formula, which in our opinion is also of independent interest, provides us with 
an understanding of the structure of I g n{<j)). In the sequel to this paper, [2], we 
will use the super divergence formula to derive information on the structure of 
P{g n ) and prove Theorem ^ 

The super divergence formula is proven in a number of steps. A more primi- 
tive version is the "simple divergence formula" in section [5] This is then refined 
three times in section and we obtain the super divergence formula in sub- 
section [123 The only background material needed for all this work is a slight 
extension of Theorem B.4 in [3], which itself is a generalization of a classical 
theorem of Weyl in This extension is discussed in section^ Roughly, The- 
orem B.4 in [3| and our Theorem [21 below assert that a linear identity involving 
complete contractions which holds for all values we can give to the tensors in 
those contractions, must then also hold formally. 

2 Background material. 
2.1 Definitions and Identities. 

We note that whenever we refer to a manifold M n , we will be assuming it to be 
compact and orientable. Moreover, n will be a fixed, even dimension throughout 
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this paper. We begin by recalling a few definitions and formulas. 

Definition 1 In this paper, we will be dealing with complete contractions and 
their linear combinations. Any complete contraction: 

C = contr^A 1 )^...^ ® ■ • ■ <g> {A t )j 1 „, jq ) 

will be seen as a formal expression. Each factor (A )i 1 „.i e is an ordered set of 
slots. Given the factors (A )i 1 ...i s , . .., (A t )j 1 ...j q , a complete contraction is then 
seen as a set of pairs of slots (di, bi), ... , (a w , b w ), with the following properties: 
ifk^l, {ai,bi}f){a k ,b k } = $, a k ^ b k , \J7=ii a i> b i} = {h, ■ ■ -,j q }- Each pair 
corresponds to a particular contraction. 
Two complete contractions: 

contrdA 1 ),,...^ <g> • • • <g> {A t ) jl ... jw ) 

and 

Vl ...v z ) 

will be identical if t = t' , (A 1 ) = (B l ) and if the fi th index in A 1 contracts 
against the v th index in A r , then the \x th index in B l contracts against the v th 
index in B r . For any complete contraction, we define its length to stand for the 
number of its factors. 

We can also consider linear combinations of complete contractions: 

^leLadd) 1 

and 

Two linear combinations as above are considered identical if R — L and 
at = bi and (Ci) 1 — (C2) 1 ■ A linear combination of complete contractions as 
above is identically zero if for every I G L we have that a; = 0. 

For any complete contraction C, we will say a factor (A) ri ,,, rsi has an inter- 
nal contraction if two indices in (A) ri ,,, rsi are contracting between themselves. 

All the above definitions extend to partial contractions and their linear com- 
binations. 

We also introduce two language conventions: For any linear combination of 
complete contractions £; e i,a;C', when we speak of a sublinear combination, we 
will mean some linear combination Yji^^iaiC 1 where L' C L. Also, when we say 
that an identity between linear combinations of complete contractions: 

Z reR a r C r = ^teratC' (14) 

holds modulo complete contractions of length > X, we will mean that we have 
an identity: 

Tj re B,a r C r = YiteTd-tC 1 + Y lue uO'uC u (15) 
where each C u has at least A factors. 
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Definition 2 Now, for each tensor Tab..^ and each subset {d, e, . . . /} C {a, b, . . . , d} 7 
we define the symmetrization of the tensor Tab..^ over the slots d, e, . . . , /: 

Let II stand for the set of permutations of the ordered set {d, e, . . . , /}. For 
each 7r £ II, we define TrT a (,...f to stand for the tensor that arises from T a b,, j by 
permuting the slots d,e,...,f according to the permutation ir. We then define 
the symmetrization of the tensor T a (,...d over the slots d,e,...,f to be: 

If {d, e, . . . /} = {a, b, . . . , d}, we will denote that symmetrization by T( a b...d) ■ 

We recall a few basic facts from Riemannian geometry. Consider any Rie- 
mannian manifold (M n ,g n ) and any xq S M n . We pick any coordinate system 
x 1 , . . . ,x n and denote by J*Q the coordinate vector fields, ie the vector fields A. 
We will write Vj instead of Vjq • 

The curvature tensor Rijki of g n is given by the formula: 

[ViVj - VjVilXk = R l]U X l (16) 

In a coordinate system, we can also express it in terms of the Christoffcl 
symbols: 

Rijk = dj^ik ~ ^k^ij + ^m{^ r [k^ l mj — r^r^) (17) 

Moreover, the Ricci tensor Ricik is then: 

Rici k = Rijkig 31 (18) 
We recall the two Bianchi identities: 

Rabcd + Rcabd + Rbcad = (19) 

V a Rbcde + VcRabde + VbRcade = (20) 

We also recall how the basic geometric objects transform under the conformal 
change g n (x) = e 2 ^ x ^g n {x). These formulas come from |13j . 

R !jki = emx) i R !jki + ^il4>9jk + Vjk<t>9il ~ Vik4>9jl ~ ^jl4>9ik + Vii>V k (t>9ji + y j<j>y i<j>9ik 
- Vi(jNi4>g jk - VjfjNk^gu + \^4>\ 2 9'U9jk - \V 4>\ 2 9ikgij] 

(21) 

ffic|; = Ric 9 ^ + (2 - n)V^ - A^S/J + (* ~ 2 )(<^</>/3 - <t> k ^g n a0 ) (22) 
While the transformation law for the Levi-Civita connection is: 

Vf r?* = Vf m - Vk^j - V«hk + V s hs9^ (23) 
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We now focus on complete contractions C(g n ) in the form ijPol) . We still 
think of these objects as formal expressions, but also as functions of the metric 
g n . Thus, for complete contractions in the form J2J), contracting two lower in- 
dices a , b will mean that we multiply by g ab and then sum over a, b. We have 
that under the rescaling g n — t 2 g n the tensors V m Rijki and (<7 n ) y transform 

by v? 1 ... rm Rijki(t 2 9 n ) =t 2 v? 1 .-r m RiM9 n ), (g n Y 3 (t 2 g n ) = t~ 2 (g n yi(g n ). (We 

will sometimes write V m Rijki instead of V™ _ r Rijki, for brevity). Thus, for 
each C(g n ) in the form (J2J), if we define K = — X[ =1 (m.; + 2), we will have that 
C(t 2 g n ) = t K C(g n ). We define K to be the weight of this complete contraction. 

For future reference, we will consider more general complete contractions 
defined on manifolds (M n ,g n ) and define their weight. 

Definition 3 We consider any complete contraction C g n {V 1 , . . . , V x ) in the 
form: 

contr{V mi Ri jH ® • • • <g> V mr R ljk i ® ^...^ ® • • • ® V£..j, fm ) (24) 

defined for any xo € M™. Here the tensors V® „, are auxiliary tensors (all of 
whose indices are lowered) that have a scaling property under re-scalings of the 
metric: V* a {t 2 g n ) — t Cy V£ a {t 2 g n ). (An example for a tensor a 

J y J y J y 

would be the y th iterated covariant derivative of a function ip, in which case 
C' y = 0). Moreover, all the tensors here are over TM n \ Xg . The particular 
contractions of any two lower indices will be with respect to the quadratic form 

(g n ) ij (x ). 

We then define the weight of such a complete contraction to beW = — ££_ 1 (mj+ 
2)— Sf =1 (/i— Cy). As for the previous case, we then have that: C t i g -n{V l , . . . ,V X ) — 
t w C g »(V\...,V x ). 

In this whole paper, when we write a complete contractions and include 
the metric g n in the notation, we will imply that the contraction is defined 
on manifolds (and possibly also depending on additional auxiliary objects, for 
example scalar functions) and will have a weight, as defined above. Unless 
otherwise stated, all complete contractions will have weight — n. 

2.2 The operator I g n(4>) and its polarizations. 

For this paper and in [2], we will be considering P(g n ) as a linear combination 
in the form: 

P{g n ) = T, leL a l C l {g n ) (25) 

where each C l (g n ) is in the form @ and has weight — n. We assume that P(g n ) 
satisfies (J5J. 

We define a differential operator, which will depend both on the metric g n 
and and auxiliary (j> £ C ca (M n ): 

Ign{<l>)(x) - e n ^P(e 2 ^g n )(x) - P(g n )(x) (26) 
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We then have by (J5J that: 



I g n(4,)dVg n = (27) 

M" 

for every compact manifold (M n ,g n ) and any function <\> 6 C°°(M n ). Then, 
using the transformation laws (|21|) and ll'MI) we see that I g ™ (4>) is a differential 
operator acting on the function cj). In particular, we can pick any A > functions 
ipi(x),... i an d choose: 

0(a) = £f =1 ^(z) 

Hence, we have a differential operator J 9 «(^i, . . . , ^^(x), so that, by l|27|) : 

V(V>i,... > Vu)dV r fl « =0 

for any (M™, g n ), M" compact and any functions ipi(x), . . . , iPa(x) £ C°°(M n ). 
Now, for any given functions ipi(x), . . . ,iPa(x), we can consider re-scalings: 

Ai^i(x), . . . , \ a ^a{x) 

Hence, as above we will have the equation: 

I gn (X 1 ^ 1 ,...,X A MdV g n =0 (28) 

A/™ 

We can then see / M n.Ig n {Xxipi, . . . , A^f/Mj^V^ as a polynomial in the factors 
Ai, . . . , A^. Call this polynomial n(Ai, . . . , A^). 

But then relation (|28|l gives us that this polynomial II is identically zero. 
Hence, each coefficient of each monomial in the variables Xi,...,Xa must be 
zero. We want to pick out a particular such monomial. Pick out any integer 
1 < Z < A. 

Then in I g n (Ai^i, . . . , Xa^a) (seen as a multi-variable polynomial in Ai, . . . , A^) 

consider the coefficient of the monomial Ai Xz- This will be a differential 

operator in the functions ipi, . . . , ipz, which we will denote by /S, (ipi, . . . , ipz)- 
By elementary properties of polynomials and by the definition of I g n (0) in H2(jfl 
we have: 



a Xl ...a Az [ e "( Ai ^ + - +A ^ z )p(e 2 ( Ai ^ + - +Az ^) 5 ")]u 1=0 ,..., Az=0 

The precise form of I g ,i(ipi, ■ ■ ■ ,ipz), given P(g n ), can be calculated using 
the transformation laws in the previous section. We will be doing this in [2]. 
For the time being, just note that by (|28|l we have the equation: 

Lemma 1 

f I*n(lPl,...,lP Z )dV g n=0 (30) 

for every compact (M n ,g n ) and any ipi,... ,if>z £ C°°(M n ). 
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Proof: Straightforwardly from relation (|28[) and the equation 1291) . □ 

From all the above, it is straightforward to see that Ig n (ipi, ■ ■ ■ ,ipz) is a 
linear combination of complete contractions of weight — n in the form: 

contr(V™)„ rmi Ri ljlkl h ® • • • ® V^^-R^u.® 

V »~.»,^®-8 |V S..^W ( ' >IJ 

For the rest of this paper, we will only be using the fact that I?L (V>i , ■ ■ ■ , ipz) 
satisfies (|30|) and that it is a linear combination of complete contractions in the 
form PTJ). 

3 The Trans-Dimensional Isomorphisms. 

The aim of this section is to show that there is a natural isomorphism of linear 
combinations of weight — n complete contractions in the form (|31fl . between 
dimensions N and n, if N > n. In order to make this statement precise and to 
provide a proof, we will recall some terminology and facts from the appendices 
in The main "known fact" that we will be using is Theorem [21 in the next 
subsection. This theorem is a slight generalization of Theorem B.4 in 3 J, and it 
can be proven using the same ideas. The appendices in [3] generalize classical 
theorems that can be found in |2(:i|. 

3.1 Known facts 

The appendices of [3] deal with identities involving linear combinations of com- 
plete contractions. The main assertion there is that under certain hypotheses, 
when a linear identity involving complete contractions holds "by substitution" , 
it must then also hold "formally" . We will be explaining these notions in this 
subsection. For more details, we refer the reader to 

We introduce the "building blocks" of our complete contractions. Firstly, 
we consider symmetric tensors. Let us consider a family of sets of symmetric 
tensors {T a = {T Q , Tf , . . . , T^ , ls , . . . }} a€A (T a is just a scalar, ie a tensor of 
rank zero), defined over the vector space K™. Here each a € A is not a free 
index of the tensors is . It just serves to distinguish the tensors T" 1 i and 
T? 2 is when a\ a 2 - 

Our second building block will be a list of tensors that resemble the covariant 
derivatives of the curvature tensor: 

Definition 4 A set of linearized curvature tensors is defined to be a list of ten- 
sors R = {Rijki, ■ ■ ■ , Rft...f 3 ,ijkU ■ ■ ■} defined over W l , so that each R Xl ...x 3 ,ijki 
satisfies the following identities: 
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1- R Xl ...x 3 ,ijki is symmetric in xi,...,x s 

2- R Xl ...[x s ,ij]kl = 
Rx 1 ...x s ,[ijk]l = 

4- Rx\...x s ,ijkl — Rx±...x s ,jikl ; Rx\...x s .ijkl — R X \...x s ,ijlk 

where in general, T rirm ^ ili2i . i y 1 j d will stand for the sum over all the cyclic 
permutations of the indices i%, 12, 23 (in the case where two of the indices i\, 12, 23 
are antisymmetric). 

Our third building block is the following set: 

Definition 5 Let us consider a set of tensors E = {S^ 1 , . . . 3^* i , . . . }, where 
the free indices are i\, . . . , i s , k s . We assume that each tensor S^ 3 , is symmet- 
ric in the indices i±, . . . , i s . We will call any such tensor a special tensor. Any 
such set E will be called a set of special tensors. 

We can then form complete contractions of tensors that belong to the sets 
{j aeA {T a }, R, 3. They will be in the form: 

contr(u h ® • ■ • <g> u lz ® R Vl ® ■ • ■ <g> R Tm <g> E Zl ® ■ ■ ■ ® E Zx ) (32) 

where each tensor u li belongs to the set Uagyfi^ 10 }' eac h tensor R rj be- 
longs to the set R = {Rijki, ■ ■ ■ , Rf ± f s ij kt , ■ ■ ■ } and each tensor E z belongs 
to the set 3 = {E£, . . A , . . .}. A particular contraction of two lower 
indices will be with respect to the Kronecker <5 y , while for an upper and 
lower index we will be using the Einstein summation convention. We can con- 
sider linear combinations of such complete contractions: A({J aGA {T a }, R, E) = 
Xi &L aiC l ({J aeA {T<*},R,E). 

For each complete contraction C({J aeA {T a }, R, E) that contains a factor t = 
Rii...i,,ijkli we will say that we apply the third identity in Definition0|to the in- 
dices i,j, k (or that we permute indices according to the third identity) if we sub- 
stitute the complete contraction C(\J a <- A {T a }, R, 3), by -Ci(\J aeA {T a }, R, 3)- 
C2{{j a&A {T a },R,E), where d(\J a&A {T a }, R,E) is obtained from 
C(\J aeA {T a },R,E) by substituting * by R il ... iaikijl and C 2 (\J aeA {T a }, R,E) 
is obtained from C(\J aGA {T a }, R, E) by substituting t by Ri 1 ...i ai jkti- We sim- 
ilarly define what it means to apply the second identity in Definition 0] It is 
clear what is meant by applying the first and fourth identities (or by permuting 
indices according to the first and fourth identities). 

Definition 6 We will say that such a linear combination of complete contrac- 
tions vanishes formally if we can can make the linear combination zero using 
the following list of operations: 

By permuting factors in the complete contractions, by permuting indices 
in the factors in UaeA"^"}' by using the identities of the factors in R, by 
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permuting the indices ii,...,i a in the factors S^ s i and by applying the rule 
a-C l (\J aeA {T a },R,Z) + b-C l ({J a£A {T«},R,Z) ="(a+6)-^(U a ^{T«},^S). 

Also, we will say that the linear combination A((J Qgyl {T Q }, R, 2) vanishes 
upon substitution if for each set of tensors Uqga{-^ Q }' R an d ^ ^hat have the 
above properties, the value of A((J Qgyi {T Q }, R, S) is zero. 

The following theorem is then an extension of Theorem B.4 in |2] and it 
follows by the same ideas. 

Theorem 2 Let us consider a linear combination of complete contractions 
A(\J a( - A {T a } , R,E) = Y* leL a l C l (\j aeA {T a }, R, S) as a&owe. For each complete 
contraction C l , we denote by Zf the number of symmetric tensors of rank > 1 . 
We also recall that mi is the number of linearized curvature tensors and xi the 
number of special tensors. We assume that for each C l the sum Z\ + 2m; + 2xi 
is less than or equal to n. 

We then have that z/ A((J agj4 {T a }, S) vanishes upon substitution in di- 
mension n, it must also vanish formally. 

We note that the theorem above also applies when there are no factors from 
the set £ in our linear combination. 

3.2 Corollaries of Theorem [2J 

We derive two corollaries of Theorem [5] We will now be considering complete 
contractions on manifolds. 

Consider an auxiliary list of symmetric tensors = {f^ , . . . , fXti...i s ,■■■}• 
We impose the condition that these tensors must remain invariant under re- 
scalings of the metric g n , ie ^i 1 ...i s (t 2 g n ) — f2j 1 ...j s (<7 n ). We then focus our 
attention on complete contractions C l gn (ipi, ...,ipz,ty of the form: 

contriV™ 1 rmi R l3k i <g> ••• <g> V™l tms R ljk i® 

We assume that y > (in other words, there may also be no factors ..»,). 
If we write C l gr (ipi, . . . , V'z, fi) (replacing g n by g r ), we will be referring to a 
complete contraction as above, but defined on an r-dimensional manifold. We 
will call this the re-writing of the complete contraction C gn (ipi, ■ ■ ■ ,ipzi&) in 
dimension r. Also, when we speak of the value of C gT (ipi, . . . , ipz, ^)(^o)j we will 
mean the value of the above complete contraction at a point xq on a manifold 
(M r ,g r ), for functions tp±, . . . ,ipz defined around xo G M r and for symmetric 
tensors J7i 1 ...j s defined at xq. This terminology extends to linear combinations. 

Finally, a note about the weight of the complete contractions: By our def- 
inition of weight, if C gr (ipt, ■ ■ ■ ,ipz,£i) has weight —n, then in the notation of 

£f =1 (m; + 2) + Sf =lK + Ys( =l hi = n (34) 
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Thus, if we have factors V Pi ipi with pi > 1, the above implies that: 

Z t + 2s + y<n (35) 

Definition 7 We will say that a relation between complete contractions in the 
form Hf: 

Z leL a l C l gn (i> 1 ,...,ip z ,n) = Q 

will hold formally if we can make the above sum identically zero by performing 
the following operations: We may permute factors in any complete contraction 
C l gn (4>i, ■ ■ ■ ,ipz) and also permute indices within the factors $7^...^. Further- 
more, for each factor V£ r iph, with p = 2 we may permute r\,T2, while for 
p > 2, we may apply the identity: 

[Va^b - VbVa]X c = RabcdX d (36) 
and for each factor V m Rijki, we may apply the identities: 



1. 


v ri. 


• ■r m ijkl 


-v; 


2. 


v m 

ri. 


■■[r m R ij]kl = 





3. 


v ri. 


.,r m [ijk]l 






4- The identity ydb]) above. 

The application of the second and third identities above has been defined. To 
apply the fourth identity to a factor \7 p iph or \? m Rijki means that for each com- 
plete contraction C g n (-0!, . . . , ipz, SI) of the form ffflj)). for each factor r iph 
or V™ Vm Rijki in C g n {ipi, . . . , ipz, and each pair of consecutive derivative 
indices r s _i,r s we may write: 

C gn {^x,...^ z ,tt) = C' gn (V-i, . . . , ipz, O) + Z heH a h C g l n (ipi, . . . , ipz, 

where C' g n (ipi, . . . , ipz, is obtained from C g i (ipi, . . . , ipz, ^) by substituting 
the factor VP i rp ip h orV™ ... Tm Rijki byV^ rsr , s _ ± ,„ Tp iph or ^r l 1 ...r s r s - 1 ...r m R ijki, 
respectively, and Y,f l& Ha>hC^ (ipx, . . . , ipz, is obtained from C g ™ (ipi, . . . , ipz, 0) 
by substituting the factor V^ r iph ^"l...r m Rijki by one of the summands in the 
following expressions, respectively, and then summing again: 



(V^... ^ s _ 1 r„, 8+ /)(V- 1 .^_ 1 _V- : ;- 1 rp ^ + • ■ • (37) 

+ (vs 1 ... ax i?, s _ 1 , s ,/)(v^ 1 .^ l _ x v™- s :^,) 



^{ai,...o a .},{6i,-6»-2-«}C{ri,...r s _ 2 },{ai,...o a! }n{6i,-6a-2-»}=0 
(K^Rr^r^iVtZ'Z^ V™-; Zl m Ri jk l) + ■■ (38) 
+ ( V a 1 ...Q x ^r s _ 1 r s i d )(V^ 1 r s X _ i _^V™^ 1 S "^ m i?ij fed ) 
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Now, our first corollary of Theorem [2 

Lemma 2 Consider complete contractions C l gn (tpi, ■ ■ ■ , ipz > ^) ; each in the form 
|3j3J) and with weight —n, so that the following identity: 

F gn (V>i, . . . >z, Qi) = V leLai C l gn ^ u . . . ,1> z , n) = (39) 

holds at any point xq for any metric g n and any functions ipx, . . . , ipz defined 
around xo and any symmetric tensors fl^...^ defined over TM n \ Xo . We then 
have that the above identity must hold formally. 

Proof: Let us consider the minimum length r, among all the complete con- 
tractions in 139|) . Let us index the complete contractions C„„(ipi, . . . , ipz> SI) of 
length r in the set L T C L. Suppose we can show that, applying the above 
operations, we can make £; e x,TaiCL, (ipi, ■ ■ ■ , tpz> f2) formally equal to a lin- 
ear combination E r eRa r Cg„ (ip±, . . . , ipz, fi), where each complete contraction 
C r gn (ipi, . . . , ipz, 0) has length > r + 1. 

If we can prove the above claim then using a finite number of iterations we 
will have proven our Lemma. This is true since there is obviously a number 
T, so that all the complete contractions that arise by iteratively applying the 
identities of Definition [7| to the complete contractions C l gn (ipi , . . . , ipz, fi), Z G £ 
must have length < T. This follows just by the finiteness of the index set L. 
The rest of this proof will focus on showing that claim. 

In order to accomplish this, let us begin with a definition. For any complete 
contraction C l gn (ipi, ...,ipz,£l), let UnC l (R, \I>i, . . . , ^z, ^) stand for the com- 
plete contraction between linearized curvature tensors and symmetric tensors 
that is obtained from C l n(ipi, ■ ■ ■ , ipz,ty by substituting each factor ^t[...t m Rijki 
by a linearized curvature tensor Rt x ...t m ,ijkU an d each factor r iph by a sym- 
metric p-tensor r ^ . We will prove a fact which will be used many times in 
the future. 

Lemma 3 In the above notation, given f^ffl , we will have that: 
Vi eL ra l linC l {R^ ll ... 1 ^z^) = {) 

formally. 

Proof: We recall the following fact, which follows from the proof of Theorem 
2.6 in |15|: Given any set R of linearized curvature tensors Rt!...t m ,ijki(xo), there 
is a Riemannian metric defined around xq so that for any m: 

(V™. ..^Riju) 3 " {x ) = R tl ...t m ,ijki(x ) + C{R) tl ... tm , m (40) 

where C(R)t 1 ...t m ,ijki stands for a polynomial in the components of the linearized 
curvature tensors. We have that this polynomial depends only on m and the 
indices t\, . . . , t m , i,j, k, I. Furthermore, we have that each monomial in that 
polynomial will have degree at least 2. 
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For any set R of linearized curvature tensors, we will call the metric g n for 
which H40|) holds the associated metric. Now, for any choice of symmetric tensors 
{Tq 1 , Tl, . . . I]\ , ,...},..., {T Z , If, ... , Tl l3 ,...}, we have that there are 
functions . ■ ■ ,^z defined around xo so that: Vf ...i i>l(xo) — Tj i (for 
some arbitrary ordering of the indices i\, . . . ,i s on the left hand side), and also 
for each permutation 7r(ii . . . i s ) of the indices i s : 

= K...iM x °) + C ^ ^)n...i s (41) 

where C(R, T )i 1 ...i s stands for a polynomial in the components of the linearized 
curvature tensors and of one component of a tensor from the set T h (of rank 
> 1). We have that this polynomial depends only on p and the indices ii, . . . ,i s . 
Furthermore, we have that each monomial in that polynomial will have degree 
at least 2. 

For any choice of symmetric tensors Tj t , we define the functions ipi to be 
their associated functions. 

Now, we pick any set R of linearized curvature tensors and any set T of sym- 
metric tensors and consider the value of F g ™(ipi, . . . ,ipz,Q) for the associated 
metric g n and the associated functions ipi. By virtue of our remarks, we see 
that there is a fixed polynomial II (T, R, f2) in the vector space of components 
of the sets T and R, so that for any given set R of linearized curvature tensors 
and any set T of symmetric tensors at Xq, 

n(T,R,n) = F g n(ip 1 ,...,^ z ,n) = o 

Furthermore, we observe from (|40|l that each monomial in II(T, R, Q) has 
degree at least r. Finally, if H(T, R, ft)\ T stands for the sublinear combination 
of monomials of degree r in II(T, R, f2), we have that: 

n(T, R,n)\ T = o 

for every set R of linearized curvature tensors and every sets T, £1 of sym- 
metric tensors. But given equations i|40[l and (|41|l we see that: 

II(T, R, n)| T = Y, leL , ai UnC\R, ^, . . . , t/> z ,n) = (42) 
Hence, in view of Theorem El we have that (I42|) must hold formally. □ 

So, for each linC l gn (if>i, ■ ■ ■ , ^z, there is a sequence of permutations for the 
factors ^r t ta , , fi^...^ and of applications of the identities of a linearized cur- 
vature tensor to the factors Rt 1 ...t m ,ijki (^o) so that (|42ll will hold by virtue of the 
identity a-C({jf =1 {T*}, R, n)+b-C({jf =1 {T*}, R, Q) = (a+&)-C(Uf =1 {T 4 }, R, il). 

We then repeat these operations to the sublinear combination Signet; 
C l g n (ipi , • ■ ■ , ipz , • The only difference is that the indices t\,...,t m in each fac- 
tor V™ tm Rijki(xo) and the indices . ,i p in each factor Vf ^ tph are not 
symmetric. Nonetheless, we may permute the indices i\, . . . ,i s in each factor 
V| x i iph and the indices t%, .. . ,t rn in each factor VJ? t R%jkl an( i introduce 
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correction terms, which are complete contractions in the form (|43|) of length 
> t + 1. Hence, repeating the permutations which made l|42l) identically zero, 
we have our claim. □ 

We now make a note about the notation we will be using: We have consid- 
ered complete contractions C l gn (ipi, ... ,ipz,&) m the general form and we 
have explained that there may also be no factors f^...^. We make the extra 
convention that if we refer to a complete contraction C gn (tpi, ■ ■ ■ ,*Pz), we will 
imply that it is in the form (|33|) and has no factors fi^...^. Therefore, it will be 
in the form: 



contr(V™l. rmi Ri jk i ® • • • <8> V™:..t ms ^jki® 

Our next Lemma is another corollary of Theorem |3 We must again intro- 
duce a definition. 

We focus on complete contractions C gn (ipi, . . . , ipz, 3) of the form: 

contr(V™] _ rmi Rijki ® ■ • ■ ® V™:..t mB Rijkl® 

In the manifold context, we impose the re-scaling condition S^ 1 f (t 2 g n ) = 
i s (.9") 011 the special tensors. When we wish to apply the theorem to a 
particular case of special tensors, we will easily see that this condition holds. 

Definition 8 We will say that a relation between complete contractions in the 
form (gp : 

E ieL a i C^(^i,...,^,3) = 

ura/Z feo/rf formally if we can make the above sum identically zero by performing 
the following operations: We may interchange factors in any complete contrac- 
tion C l gn (ipi, . . . , ipz) and also permute the indices i\, . . . , i s among each factor 
j . Furthermore, for each factor V m Rijki, we may apply the identities: 

1- ^rl...r m Rijkl = ~ V™ ^ m Rjikl = . . .r m ^ijlk ■ 

*■ V^... [rra i?«]w - o 

3- ^™...r m R[ijk]l = 

^. We may permute the indices r\ , . . . , r m by applying of the formula: [V^ V_b - 
VflVyijXc = RabcdX d , as defined in the previous definition. 

and for any factor $ Vft we may permute the factors if p — 2 and 

apply the identity [V^Vb-VbV/iJJc = RabcdX d , as defined in the previous 
definition if p > 2. 
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We then have: 

Lemma 4 Consider complete contractions C l gn (tpi, ■ ■ ■ , ipz 7 3), each in the form 
(44}} an d with weight —n, so that the identity: 

E leL a l C l gn & u ...,ip z ,Z)=0 (45) 

holds at any point xo, for any metric g n , any functions ipx, . . . ,ipz defined 
around xo and any special tensors 3* ,.4 {%o) defined at xq. Assume also that 
each special tensor in each C l has rank at least 4- We then have that the above 
identity must hold formally. 

Proof: We prove this corollary by using Theorem |2 in the same way that 
we proved Lemma |21 using Theorem 

We only need to observe that for each complete contraction in the form 144J1 
with weight — n, if r*j stands for the rank of the i th special tensor then: 

S? =1 (mi + 2) + Sf =lPi + S{ =1 ( n - 2) = n (46) 

For each C l gn (t/>i, ■ ■ ■ , ipz, 3), we again denote by Z* the number of factors W Ph tph 
for which p^ =/= 0. Thus, since we are assuming that each special factor has rank 
at least 4, we deduce that for each complete contraction C l gn (tpi, . . . , ipz> 3): 

+ 2s + 2/ < n (47) 

Let t be the minimum length among all the contractions C l gn (ipi, . . . , ipz, 3), 
I e L. We define the subset L T C L to be the index set of all complete con- 
tractions C l g n (ipi, . . . , ipz, 3) with length r. As before, we define the linear com- 
bination of complete contractions involving linearized curvature tensors rather 
than "genuine" covariant derivatives of the curvature tensor, and also symmetric 
tensors ^ h rather than "genuine" factors V p iph- 

T, leL TailinC l {R,y 1 , . . . ,*z,3) 

and we show that 

Z leL ,ailinC l (R, ¥ z , 3) = 

formally. We then deduce that an equation: 

Z leL TaiC gn (ilii, ...,tpz,'B) = E r eRa r Cgn(ipi, . ..,Vz,3) (48) 

where each C gn (ipi, . . . , ipz, 3) has length > r + 1, will hold formally. By 
inductive repetition of this argument, we have our Lemma. □ 

These Lemmas will prove useful in the future. For now, we note that there 
are many definitions of an identity holding formally. However, there will be no 
confusion, since in each of the above cases the complete contractions involve 
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tensors that belong to different categories. Furthermore, in spite of the equiva- 
lence that the above theorems and their corollaries imply, whenever wc mention 
an identity in this paper, we will mean (unless we explicitly state otherwise) 
that it holds at any point and for every metric and set of functions (and maybe 
special tensors S or symmetric tensors f2). 

3.3 The Isomorphism. 

We now conclude that: 

Proposition 1 Suppose that {C r N (ifi, . . . , ipz)}reR ar c complete contractions 
in the form \4S^ of weight —n. Suppose N > n. We then have that 

Y. re Ra r Cg N (ipi, . . . ,ipz){xo) = 

for every (M n ,g n ), every xq <E M" and any functions ipi defined around xq if 
and only if: 

S,. efl a r C^„(-0i, . . . ,tpz)(xo) = 
for every (M n ,g n ), every xo S M n and any functions tpi defined around xo- 

Proof: The above follows by virtue of Lemma ^ □ 

4 The silly divergence formula. 

Our aim here is to obtain a formula that expresses I~L [tpi, ■ ■ ■ , tpz) &s a diver- 
gence of a Riemannian vector field. This first, rather easy, divergence formula 
is not useful in itself. It will be used, however, in the derivation of the much 
more subtle simple divergence formula in the next section. For now, we claim: 

Proposition 2 Consider any Ig„ [tpi, ■ ■ ■ , ip s ), o, linear combination of contrac- 
tions in the form \3l\i for which f M „ Ig„ [tpi, . . . , ■ip s )dV g ™ — for every compact 
{M n ,g n ) and any tpi, . . . ,tp s € C°°[M n ). Note that I^ n [tpi, ...,tp s ) defined in 
\2&) satisfies this property. 

We then have that Ig n (ipi , . . . , tpz) [%) is formally equal to the divergence of a 
Riemannian vector-valued differential operator of weight — n+1 in tpi[x), . . . , tpz[x). 

Proof: In view of Lemma [21 in the previous subsection, it suffices to show 
that there is a vector field Tg„(ipi, . . . , tpz) of weight — n + 1 so that: 

Ign(ipi, . . .,tp z )[x ) = diViT l gn [tpi, . . .,tp z )[x Q ) 

for any metric g n and for any functions tpi, . . . , ip z around Xq. In order to 
show this we do the following: 
Suppose that 

Jf„ [tpi,...,ip z ) = Zje.JdjCg'n [tpi, . . . , tpz) 
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where each of the complete contractions C gn {ipi, . . . ,ipz) is in the form ffSTf) - 
Let us sort out the different values of v\ that can appear among the different 
complete contractions C gn (ip%, . . . , ipz)- Suppose the set of those different values 
is the set L = {Ai, . . . , Xk } where < Ai < - • • < Xk- 

Let Jk C J be the set of the complete contractions C gn (ipi, . . . , ipz) with 
v\ — Xk- We then consider the linear combination : 

F ff n(V>i, ...,ip z ) = Sjej^ajC*^^!, . . . , ipz) 

where each complete contraction C gn (ipi, . . . ,ipz) is in the form (|3 1|) with 
the same number Xk of derivatives on ip\. Out of F g n (ip 1) . . . , ipz), we construct 
the following vector- valued differential operator: 

■■■M = E^a^C*)^, .. Vz) 

where (C 3 )^ (tpx, ■ . - ,ipz) is made out of C gn (ip%, . . . , ipz) by erasing the 
index xi in (|3f(l and making the index that contracted against it in (|3 1|) into a 
free index. 

Let us then observe the following: 

Lemma 5 We have that the differential operator 

Fgn(ipx, ...,ip z ) = F gn (ip 1} ...,ip z )- diViF gn (tpi, ...,tpz) 

will be formally equal to a linear combination of complete contractions in the 
form ( of weight —n ), each of which has Xk — 1 derivatives on the function 
ipl. 

Proof: This is straightforward to observe by the construction of the vector- 
valued operators (C- 7 )**. {ip\, . . . ,ipz)' Let the derivative Vj in the divergence 
of each (C- 7 )^ (ipi, . . . , ipz) hit the factor V K ~ l ij)i, That summand in the 
divergence will cancel out the complete contraction C gn (ipi, . . . , ipz)- Every 
other complete contraction in diViF g n(ipi, . . . ,ipz) will have Xk — 1 derivatives 
on ipi. This gives our desired conclusion. □ 

But then repeated application of Lemma [S] will give us the following: 

We can subtract a divergence of a vector field L gn (ipi, . . . ,tpz) of weight 
— n + 1 from I gn (ipi, . . . , ipz), so that 

Rgn(lpl, ...,1p Z ) = I g n(lpl, ...,1p Z )~ <HViL gn (lpl, ...,1p Z ) 

is a linear combination of complete contractions in the form (131 [) . each of 
which has v\ = 0. 

We then observe that: 

Lemma 6 In the above notation, R g n(ipi, . . . , ipz) must vanish formally. 
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Proof: First observe that for any Riemannian manifold (M n ,g n ) we will 
have: 

R gn (fa,...,fa?)dV g n =0 

M n 

This is straightforward to observe, because of Lemma 5 and the definition 
of R g n(fa, . . . , ipz)-it is obtained from i|L(V>i, . . . , ipz) by subtracting a diver- 
gence. 

Now, let us write R g ™ (fa, . . . ,ipz) as follows: 

R g n(fa, . . .,ipz) = ^ieLaiC gn (^ 2 , ■ ■ ■ ,ipz) ■ fa 
We will then have that the equation: 



M™ J M" 



R g »(fa, . . .^ z )dV g n = fa ■ [Z leLai C gn (fa, ■ • .M]dV g n (49) 



holds for any function fa, and also the sum T,i & LaiC gn (fa, . . . ,faz) is in- 
dependent of the function fa. But that shows us that R g n(fa, . . . ,if>z) must 
vanish by substitution. Hence, by Theorem [21, it must vanish formally. □ 



5 The simple divergence formula. 

5.1 The transformation law for I^ N and definitions. 

Let I gn (fa , ■ ■ ■ , ipz) be as in Proposition [21 We then have that I gn (fa , ■ ■ ■ , faz) 
is a divergence of a vector- valued differential operator in fa(x), . . . , ipz(x). This 
is useful in itself, but we cannot extract information directly from this fact about 
P(g n ). Nevertheless, it is useful in the following respect: 
We have a relation: 

I g \(fa,...,fa?)=div i V gn (fa,...,fa?) (50) 

which holds formally. But then Proposition ^ tells us the following: 

Lemma 7 Relation \5U\) holds for any dimension N > n. That is, consider- 
ing the complete contractions and the Riemannian vector fields in ^5Uj) in any 
dimension N > n, we have the formula: 

I g N(fa,..-,faz) = di Vl L gN (fa,...,faz) (51) 
Proof: Straightforward from Propositions m and [3 □ 

Therefore, we will have that for any (M N , g N ) and any fa, ... , fa? G C°°(M N ): 
f I%(fa,...,fa?)(x)dV g H=Q (52) 

J M N 
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Now, equation (|52[) is not scale- invariant. This can be used to our advantage 
in the following way: 



Pick out any point xq £ M N . Pick out a small geodesic ball around x , of 
radius e. From now on, we will assume the functions ipx,..., ipz to be compactly 
supported in B(xq, e). Then we can pick any coordinate system around Xq and 
write out I^ N (ip%, . . . ,ipz)[x) in that coordinate system. In that coordinate 
system we will have that: 

I%(ij u ...,^ z ){x)dV gn =0 (53) 

Now, let our coordinate system around xo be {x%, . . . ,xn}- For that coor- 
dinate system, we will denote each point in B(xa,e) by x. Let also £ be an 
arbitrary vector in R w . We then consider the following conformal change of 
metric in B(xQ,e): g N (x) — e 2 ^' x g (x). We have that l|53[) must also hold for 
this metric. The volume form will re-scale as follows: 

dVgN{x) = e N ^ s dV g n(x) 

Now, we have that I^ N (ipi, . . . ,ipz)(x) is a linear combination of complete 
contractions in the form (|31|) . So, in order to find how any given complete 
contraction in the form l|31|l transforms under the above conformal change, it 
suffices to find how each of its factors will transform. In order to do that, we 
can employ the identities of the first section. 

The transformation law of Ricci curvature, for this special conformal trans- 
formation, is given by equation l|22l) . substituting <f> by x ■ £. Recall that 

i?icg(x)=i*ic£(z)+^ 

(54) 

The scalar curvature will transform as: 



R9 {x) = e- 2 Z- 3 [R° +2(l-N)A gN (i-x)-(N-l)(N-2)^ k ] (55) 
And the full curvature tensor: 



= ^ s {r% h {x) + - + - ] 

- V? fc (f- 2)<# - V|,(|*. x)gf k + V%(^ x)g» + V^l*- (56) 

+ llM<$ - lH 2 «} 

Hence, in order to find the transformation laws for the covariant derivatives 
of the full curvature tensor, the Ricci curvature tensor and of the factors V p iph, 
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we will need the transformation law for the Levi-Civita connection in the case 
at hand: 



{v km y (x) = (v km y -Zkm-Stvk + ?ri.9& (57) 

These relations show that in (|53[l . under the re-scaling g (x) — ► g (x) ~ 
e 2 ^' x g N (x), the integrand Ig N (ipi, . . . , ipz){x) transforms as follows: 



/Jw(^, . . .^z){x) = e-"^[/f„(Vi, . . .,i>z)(x)+ 



S* n (iPi,...,tPz,0(x)] 



(58) 



Where S^ N (ipi, . . . , ipz, 0( x ) ^ s obtained by applying the transformation 
laws described above to each factor in every complete contraction in I^ N {ipi , . . . , tp 
Sg N (ipi, . . . , ipz, 0( x ) "vvill be a linear combination of complete contractions, 
each of which depends on £. Hence equation l(53"|) will give, for the metric 
(g N nx): 

e (N-n)£-S [T Z N ^ + S Z N ^ _ _ _ s ^ ^ ]d y gn = (5Q) 

Roughly speaking, our goal for this subsection will be to perform integra- 
tions by parts for the complete contractions in S^ N (ipi, . . . ,ipz,0( x ) m order 
to reduce equation (|53[) to the form: 

e {N- n )l3 {I Z N . . . , ^) + L Z N (^1, . . . , Tpz)]dV gn = 

where Lg N (i[ii, . . . , tpz)(x) will be independent of £. This will be done and 
explained in rigor below. Keeping this vaguely outlined strategy in mind, let us 
note the identity: 

V s ( e ("-»)«-*) = {N- n)£ ( e (Ar - n) «- s ) (60) 

More generally, let us denote by 9™ s the coordinate derivative with respect 
to our coordinate system. Then, for k > 1 we have: 

d* 1 ... Sk (f£) = (61) 

for every x £ B(xq, e). 

Let us consider the Christoffel symbols T^- with respect to our arbitrary co- 
ordinate system. Let SV™ ... Sm £j stand for V™ i Sm Cj) an d SV^ rp r^. stand 
forVf F fc v 

(ri...r p lj) 
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Let us now write I^ N (ipi, . . . ,ipz) as a linear combination of complete con- 
tractions in the following form: 

co7iir(V™i.. rmiJ Ri liljWl ® • • • ® V%'... Vms Ri,j,k a i.® 

V? 1 1 .„t 1>1 i2ic ai /3 1 »■••<» V5j... ap4 Jiic,,^ V^...^^ ® • • • ® V^...^ z Vz) 

(62) 

Where each of the factors V£^ r Ri 1 j 1 k 1 i 1 , ■ ■ ■ , V™= ^ Ri s j s k s i s has no two 
of the indices i,j,k,l contracting against each other in 1)62(1. 

Now, in dimension AT, we can apply the identities (|56[1 . I|54|l . (|55|l and l|57|l 
to find the form of S N (ipi, . . . , £ )(x). In particular, we write it as a linear 
combination of complete contractions in the following two forms: 

(8) I*® ••• ® £) 

(63) 

contr(V^.. rmi i2 ilJ - 1 A !1 j 1 ® ••• ® V™^ ms i? lsjsMs ® 

® e ® • ■ • ® e ® s[v-\.. u<ui |j ® ■ •• ® s[v^... fei |]) 

(64) 

where each w a > 1. We also let fc stand for the number of factors £ and Z 
for the number of factors SV"^. 

We will call complete contractions in the above two forms ^-contractions. 

In order to see that we can indeed write S Z N (tpi, . . . , ipz) as a linear combi- 
nation of complete contractions in the above form, we only need the equation: 

V SV™ rm £j = 5V™ ri rm £j + C m _i • S*V?~} r Raijd£ + 

(65) 

Y, u( z Um a u pcontr(V m R a bcdSV Su £_) 

where S*W™~ 1 rm _ i R a ijd stands for the symmetrization of V™~.r _ 1 Raijd over 
the indices r%, ... , r m _i,i and the symbol pcontr(V m R a bcdSV Su £,) stands for a 
partial contraction of at least one factor V m R a jki (to one of which the index a 
belongs) against a factor S'V S "£ with s u > 1. 

Our next goal is to answer the following: Given a fixed linear combina- 
tion Ig„ (tpi, . . . , ipz)(x) and its rewriting I^ N (ipi, . . , ,tjjz)(x) in any dimension 
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N >n, how does S^ N (tpi, . . . , tpz, 0( x ) depend upon the dimension TV? 

In order to answer this question, we will introduce certain definitions. Let 
us for this purpose treat the function £ • x as a function uj[x). Hence = 
Vi(£ • x) and we can speak of the re- writing of a ^-contraction in dimension N. 
We will consider the complete contraction C*„ (tpi, • ■ • , tpz, £) together with its 
rewriting C gN (ipi, . . . , ipz,Q m every dimension N > n and call this sequence 
a dimension-independent complete contraction. 

On the other hand, we define: 

Definition 9 Any factor of the form £ or of the form SV m £ ; m > 1 will be 
called a ^-factor. 

Definition 10 Consider a sequence {C( g ^)(tpi, • • • , tpz, £)} of complete con- 
tractions times coefficients in dimensions N = n, n + 1, . . . where the following 
formula holds: There is a fixed complete contraction, say C g n (tpi, . . . , tpz, £) and 
a fixed rational function Q(N) so that: 

C ( g iN) (V>1 , • • • , £) = Q(N) ■ CgN (Vl , • • • , ^Z, D 

where C g N (tpi, . . . , tpz, £) is the rewriting ofC g ™ (tpi, . . . , tpz, £) in dimension 
N . In that case, we will say that we have a dimension- dependent contraction. 
Furthermore, we will say that the three defining numbers o/C( 9 jv) (tpi, ■ ■ ■ , tpz, £) 
are (d, k, I) where d is the degree of the rational function Q(N), k is the number 
of factors £ and I is the number of factors <SV™ i m ^ a , rn > 1. 

(Given a rational function Q(N) — j^jpj , we define the degree of Q(N), 
deg[Q(N)] — deg[P(N)]—deg[L(N)]. We also define the leading order coefficient 
°f Q{N) to be where ap is the leading order coefficient of P(N) and ol is 
the leading order coefficient of L(N)). 

Given a fixed set of numbers {a^}, i e /, and a set of dimension-dependent 
^-contractions CJ g N ^(tpi, ■ ■ ■ ,tpz,£), we can form in each dimension N > n the 
linear combination: 

L g «(tpi, ...,tp z ,0 = ^ieiaiC\g tN ){tpi, ...,tp z ,0 

Hence we obtain in this way a sequence of linear combinations, where the 
index set for the sequence is the set N = {n, n + 1, . . . }. 

Definition 11 We will say that a sequence of linear combinations as above is 
dimension- dependent. 

We will say that a sequence of linear combinations as above is suitable if for 
each of the £- contractions C^ g N ^ (tpi , . . . , tpz, £,) we have that its three defining 
numbers satisfy: k + I > d. 

We then have: 
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Lemma 8 S N {ipi, . . . , ipz, 0( x ) * s a suitable linear combination of !;- contractions 
of the form j6'5J) and j6'^| ), with k + I > d > 1. 

Proof: We write 

IgN (tpi, ...,ipz) = ^i e iaiC l gN (ipi, ...,ipz) 
where each C gN (ipi, . . . , ipz) is in the form l|31(l and has weight — n. 
We introduce some further terminology: We call the tensors ( V™ rm i?ijfc; ) 9 , 

(V^ ...r p ipi) 9N , (SV™ ... rm Ca) 9JY , 6 an d the /ree tensors. We call partial con- 
tractions of those tensors the extended free tensors. (Recall that a partial con- 
traction means a tensor product with some pairs of indices contracting against 
each other.) 

We see that e _2 £ 2 (V™ _ rm Rij k i) gN , (V^ ... I . p V'i) § ™ can be written as lin- 
ear combinations of extended free tensors, after applying the identity (|65[) . if 
necessary. 

Now, consider any complete contraction C gN (-01, ■ • • , ipz) (in the form l(2IJ) 
in J^v (ipi, . . . , ipz) and do the following: For each of its factors V™ _ rm Rijkl 01 
r ipu consider: 

e~ 2? ' x (V™ ^, m R ijk i) 9 = ^'3^J' a j T i l ...r m ijH 

where each T[ j is an extended free tensor. We then substitute each fac- 
tor V™_ rm RijM by one e^djT^ rmijkl and each factor _ Tp ipi by one 
a j r ^r 1 r • After this substitution, we perform the same contractions of indices 
as in C gN (ipi, . . . , ipz), with respect to the metric (g N ). We do this according 
to the following algorithm: Suppose we are contracting two indices a, (3. If none 
of them belongs to a tensor c^J, we just do that particular contraction. If a 
but not (3 belongs to a factor g£ we cross out the index (3 in the other factor 
and substitute it by 7, and then omit the . Finally, if both the indices a, (3 
belong to the same factor g^, we cross out that factor and bring out a factor 
of AT. 

Adding over all those substitutions, we obtain e n ^' x C gN (ipi, . . . , ipz)- 
We observe that e n ^' x Cl N (ipi, ■ ■ • , ipz) is a dimension-dependent linear com- 
bination. It follows that S gN (ip\, . . . , ipz, £) is a dimension-dependent linear 
combination, in the form: 

S z gN {iPx, ...,ip z , I) - V leL N b >C l gN {iPx, ...,ip z , 
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where each complete contraction C gN (ipi, . . . , ipz, £,) is in the form: 
contriy™] rmi R 2ljlklh ® ■ ■ ■ <g) V™;.. Vmt Ri.j.k.l.® 

® • • • ® v -!...^^ ® e ® • • • ® e ® s^l^J ® ■ • • ® 

(66) 

where Z > and the factors V m Rijki are allowed to have internal contractions. 

In other words, C l gN (ipi , . . . , ipz, £) is a linear combination of complete con- 
tractions in the form l|63|l or (|64l) . 

Therefore, what remains to be checked is that each dimension-dependent 
^-contraction N bi C l gN (ip\, • ■ ■ , ipz, £) m S gN (tpi, . . . , ipz, with |£| > 1 satisfies 
the identity k + I > d. 

In order to see this, let us consider any summand rmijfe ; or T-> l T and 

denote by \g\ the number of its factors g!^ and by |£| the number of its factors & 
or SV™ ,„ rm Ca- It follows, from identities and l(S7|l that for each rmij - fc j 

or T^_ r we have that |£| > 

By virtue of that inequality, the formula l|65|l (which shows us that if we write 
a complete contraction in the form l|66|l as a linear combination of complete 
contractions in the forms i|63|) . I|64|) the number of ^-factors remains unaltered) 
and the algorithm outlined above, we observe that for each dimension-dependent 
^-contraction N bi C gN (ipi, . . . , ipz, £), we will have that bi is less than or equal 

to the number of factors £ or SV m £ in C gN (ipi, . . . ,ipz,0- n 

Definition 12 Consider any complete contraction C z N (tpi, . . . ,ipz), in the form 
Consider the quantity: 

e nls C^. agN ^ u . . .,iPz)(x) - C z gN (^i, . . .,iPz)(x) 

The above quantity can be computed by applying the identities l\5b)) . \54\j 
f55l) . \51\j , $b'5}) to each factor in C gN (tpi, . . . , ipz)- We write: 

e^C^sirk, ■ ■ .M(.x)-CZ N {iPt, . . .,iPz)(x) = £* eT a t iV 6 <C* N (0i, . . .,iPz,0(x) 

Where each dimension- dependent £- contraction N bt C gN (ipi, . . . , ipz, (,)( x ) sa ^' 
isfies k + I > bt- Here C gN {ip\, . . . , ipz, 0( x ) stands for the rewriting of 
C*„ (ipi, . . . , ipz, £)( x ) i n dimension N. 

There are many expressions as above for e n ^ C 2 ? 3 N (ipi, ■ ■ ■ , ipz)(x) — 

e 9 

C gN (f/'i, ■ ■ • , ipz)(x) which are equal by substitution but not identical. Once we 
pick one such expression, we will call each dimension- dependent ^-contraction 
N bt C gN (ipi, ...,ip z ,£){%) a descendant of C z N (ip x , ...,ip z )(x). 
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We are now near the point where we can integrate by parts in the relation 
H59|) . At this stage, we want to distinguish between descendants of the complete 
contractions in I^ N (ipi, . . . , ipz)- We define: 



Definition 13 For any complete contraction C l N {ip\, . . . ,ipz) in 
IgN{ipi, ■ ■ ■ , ipz), we will call one of its descendants easy if d < I + k. 

A descendant in the form 16'.°j|) will be called good if d = k > and I = 0. A 
descendant in the form will be called undecided if d = k + I and k,l > 0. 
(That is, it contains at least one factor of the form S\7 p £,i with p > 1 and at 
least one factor of the form £). 

Finally, a descendent in the form j6'^| ) with d — k + I will be called hard if 
k = 0, / > . ( That is, if all its ^-factors are all of the form S^/ m t;j , with m > 1 . 

We now have the equation (|59l) in any dimension N and we have S^ N (ipi , . . . , ipz 
written out as a linear combination of good, easy, undecided and hard complete 
contractions. 

5.2 The integrations by parts for S^ N (ipi, . . . ,ip z ,0- 

We want to perform integrations by parts in equation 1)590. We will treat the 
four cases above separately. 

Let us first treat the easy ^-contractions. Using (|1 7|) . we write out each 
factor of the form SV m £ s as a linear combination of partial contractions of 
the Christoffel symbols and their derivatives (with respect to our arbitrar- 
ily chosen coordinate system) and also of the vector £. We also write out 
each of the tensors \7 m Rijki as a linear combination of partial contractions 
of Christoffel symbols and their derivatives. Hence, given an easy ^-contraction 
P{N) ■ Cg N (ipi, . . . ,ipz,0' we express it in our coordinate system as: 

contr{d mi Y% ® ■ ■ ■ ® d m °Y% ® V P1 fa ® • • • ® V pz ipz ® |® • • ■ <8 f) (67) 
Hence we will have the following identity: 



e (iv-»)£.x p(iV) . cfafa, . . .,^z,OdV g n = 

r 

e (W-n)|*.x p(iv) . SieLa;Co n^(9 m r, Vi, • ■ .,i>z,t)dV g r, 



(68) 



Where in the above equation the degree of the polynomial P(N) is strictly 
less than the number of factors £ in the contraction Contri(d m T, ipi, . . . , tpz,0- 
Now, use the identity l|!)U|) in order to substitute one factor £ s in the complete 

contraction by the factor ViE j v _ n )S . We then integrate by parts with respect 
to the derivative Vj. Let us note here that this integration by parts is with 
respect to the Riemannian connection Vj. 
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What wc will get is the following: 



/ e^-">^P(iV) • Cf„ (fa, . . . , i> z , £)dV gn = 

r pcati (69) 

- / elN ~ n) *'*7Ar -^-A K a k Contr k (d m T, ^, . . . , ^zXWg- 

Each complete contraction Contrk(d m T, ipi, ... ,ipz£) will be in the form 
H67(l . Also, the number of factors £ in each contraction Contrk(d m T, ip%, . . . , ipz, 
is by one less than the number of such factors in the complete contraction 
C^v('0i: ■ ■ • , ipz,Q- Hence, inductively repeating the above procedure we will 
obtain: 



(70) 



e (iV-n)?afp (iV) . C f N (Vl, ■ ■ -,i>Z,i)dV g n = 

r 

e (N-n)£. S P(N) ^ keKakCo ntr k {d m T, ^, . . . , i\>z)dV g n 
i (N — n) w 

Where we will have deg[P(N)) — d < w. 
The good £- contractions. 

Let us now deal with the good complete contractions in S^ N (ipi , . . . , ipz , ■ 
In this case it is useful not to write things out in terms of Christoffel symbols but 
to work intrinsically on the Riemannian manifold. We have a good ^-contraction 
P(N) ■ Cg N (-01, • ..,tpz,0 m the form (|rJ3|l and we want to perform integrations 
by parts in the integral: 

e (N-n)i.Sp {N) . C Z (Vji , . . . (71) 

We will again use the identity JHOJ). Let us arbitrarily pick out one of the 
k = d factors £ in C^ N (ip\, ■ ■ ■ ,ipz,Q- Now, use the identity (f^TTfl in order to 

substitute the factor £j in the complete contraction by the factor ' L N -. 

We then integrate by parts with respect to the derivative Vj. Let us again note 
that this integration by parts is with respect to the Riemannian connection Vi . 

Now, if the ^-contraction C g N (ip±, . . . , ipz, £,) in the form l|t)3|) has L factors 
(including the k factors £), the integration by parts will produce a sum of L — 1 
complete contractions. Explicitly, we will have: 



e 



(N-n)i-S p{N) .C-fa,..., ip z , 



- P(N) ™ 
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Let us separate these ^-contractions C gN (ipi, . . . , ipz, £) into two categories: 
A ^-contraction belongs to the first category if the derivative has hit one of 
the factors V m Rijki, V p Ricor V p ipk- Hence, we see that -C gN (ipi, . . . ,ipz,0 

is a linear combination of ^-contractions in the form l|t)3|) with k — 1 factors £. 
If k = 1, each will be in the form (|62|l . Otherwise, each of them will be a good 
^-contraction. 

On the other hand, a ^-contraction • C" N (tpi, . . . , ipz,£) belongs to the 

second category if the derivative Vj hit one of the k — 1 factors £. In that case, 
we get a ^-contraction in the form H64|l with k — 2 factors £ and one factor Vj£. 
It will be an undecided or a hard ^-contraction. 

Now, we can repeat the above intrinsic integration by parts for each of the 
good ^contractions ■ C gN (-01, ■ ■ • , ipz, £)■ They are each of the form I|tj3fl 

with k — 1 factors £. Each of these integrations by parts will give a sum of 
^-contractions, L — k + 1 of which arc in the form i|63|) with k — 2 factors £ and 
k — 2 of them will be of the form (|64|) (either undecided or hard). Hence, we can 
form a procedure of k steps, starting from C gN (ipi, . . . ,ipz,£) and integrating 

by parts one factor £ at a time. At each stage we get a sum of good and of 
undecided or hard ^-contractions out of this integration by parts. We then focus 
on the good ^-contractions that we have obtained and we repeat the integration 
by parts. Thus, after this sequence of integrations by parts we will have: 



S P(N) ■ CgN (ipi, ... , ipz, CjdVgn = 
/ N ' n)( ' S ljW^^ jajC ^ ■ ■ ' '^ )+ (73) 

£fceg (jv ft( !)^ (01 

where the complete contractions C 3 N (ipi, ■ ■ ■ , ipz) arc m the form l|ti2fl (they 
are independent of the variable £) and the ^-contractions C gN {ip\, . . . , ipz, Q are 
in the form (|64f) and are undecided or hard. Each of the undecided ^-contractions 
will have at most k — 1 ^-factors. For each complete contraction C 3 N (ipi ,...,ip 



z) 



we have that deg[P(N)] — k. For each complete contraction C gN (ipi , ... , ipz ,0 , 
with lh factors V£ and ku factors £, we have kh + hi + Sh = deg[Ph(N)]. 

The undecided contractions. 

We now proceed to integrate by parts the undecided ^-contractions. Let 
Cg N (ipi, ■ ■ ■ , ipz, £) be an undecided ^-contraction in the form (fMjl . We want to 
perform integrations by parts in the integral: 
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Let us suppose that the length of the ^-contraction (including the k factors 
£ and the I factors ,SV m £) is L. We will first integrate by parts the factors £. 
Let us pick out one of them at random and integrate by parts as before, using 
the familiar formula l|60JI . We will then get a sum of ^-contractions as follows: 



r - pjn) (74) 

-J RN 6 {N - n)mh+ l-Z*=l C 9 » (^■■■,MdV g n 

We will sort out the complete contractions according to what sort of factor 
was hit by the derivative Vj. 

If C J^tyt, . . . , ipz, <f) arises when the covariant derivative Vj hits a factor of 

the form V m Rijki or V p Ric or V p i/ji, we get a ^-contraction with k — 1 factors 
f and I factors SV m £ m > 1. 

If C g }^(ip±, . . . , ipz, arises when V, hits a factor £, we get another £- 

contraction with k — 2 factors £ and I + 1 factors SV m £ where m > 1. 

Finally, if C g ^(tpi, . . . ,ipz,0 arises when Vj hits a factor SV m ^, we get a 

factor Vi<SV m £. We then decompose that factor according to equation (|HSJ|. In 
either case, we have reduced by 1 the number of ^-factors. 

The good ^-contractions we have already seen how to treat. Finally, if we 
get an undecided ^-contraction, we have reduced the number of ^-factors. 

The hard £- contractions. 

Let us suppose that n^~S^ ^g n (V'l) ■ ■ ■ i ^z, is a hard ^-contraction in the 
form |||2J with k = 0. 

We pick out one of the I factors SV™.. >rm £j and write it as SV™"^ ^r* ^£fe. 

We then integrate by parts the factor and obtain a formula: 



where each complete contraction C gn (ipi, . . . ipz,£,) is either in the form l|t)3[) 
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or in the form l|64|l or in the form: 

co7itr(V™i.. rmi i? iulfelil <8> • • • <g> V™'... Vms Ri,j,k.l,® 

V%...t P1 R*c a ifh ® • • • ® V^... Zp9 ffic Q9/35 (8) V^... Xj/i Vi 8> • • • <8 V^...^ z ^ 
® SV*T£ $ SV™ 1 !*® • • • <g> SV^f <g> (£)) 

(76) 

where the symbol (£) means that there may or may not be a factor £. 

We see that each (ipi, ...ipZiQ can be taken to be in the form l(7B)l. by 
the following reasoning: 

If the covariant derivative hits a factor V m Rijki or V p Ric or Vif>i, then 
we will get a ^-contraction in the form 176fl . If it hits a factor SV™^-, we apply 
the formula IjtiSfl and we get a linear combination of ^-contractions in the form 
(|76l) . Finally, if it hits the factor SV m r*j., we will get a complete contraction as 

in (25 with Z - 1 factors SV m £, and with an extra factor VtSV™" 1 ^. We 
then apply the formula: 



v a u v ri r™ — ^ v an r™ 21 "i - w m *-* v n r™ - Lt -ai ) ~ 

(77) 

S uel/ ™anPC ntr(V m SV^rJfJ 

where the symbol pcontr(\7 m Rfghj, SV X "T^ C ) (we call that sublinear com- 
bination the correction terms) stands for a partial contraction of at least one 
factor V™ Rfghj against a factor SV^r* or a partial contraction of a > 2 fac- 
tors V m Rfg'h'j'- We recall that S*V™ rm R a ijk stands for the symmetrization 
of the tensor V™, ..r m Raijk 

over the indices r^, . . . , r m , i : j . 

Furthermore, we have that in each such partial contraction, the index a 
appears in a factor V™ R f g hj ■ 

In order to check that in each correction term there can be at most one 
factor SV p r, we only have to observe that in order to symmetrize a tensor 
V / tS'V m ~ 1 r^ mJ ; , we only introduce correction terms by virtue of the formula 
[V a V b - V b V a }X c = R ab cdX d , and the formula V ' a T h bc - V b T h ac = R abc k . Hence, 
for each application of the above formulas, we may decrease the number of 
factors V p r, but we can not increase it. 

Thus we see that our ^-contraction will be a linear combination of ^-contractions 
in the form |J7B|| or 

So, in general, we must integrate by parts expressions of the following form: 
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where the complete contraction C J gn {il>\, ■ ■ ■ ipzi is in the form: 
co7itr(V™i.. rmi i? nilfclil ® • • • <g> V™t..„ mi -Ri aJafc ^ a (8 

V£...t P1 iBca lft ® • • • ® V^.^ffic^ (8) V^... x ^Vi ® • • • <8 V^...^^ 
® SV*T£ ® ■ • • <8> SVT^ (8) SV" 1 !*® • • • <8 SV Ud £ ® |* g> • • • ® |) 

(78) 

The integration by parts of such complete contractions can be done as before: 
If there is a factor £ then we integrate by parts using it, and symmetrize and 
anti-symmetrize as will be explained below. If there is no factor £, we pick out 
one factor SV™ ... rm £j, we write it as SV^ l 1 ^ 1 rm l T^ m j^k- We then integrate by 
parts with respect to the factor using the formula (J5UJ. If the derivative 
hits a factor V m Rijku or V Pr 4>i 1 or V p Ric, we leave them as they are. If it hits a 
factor SVTy or a factor ,SV m £, we apply the formulas, l(BS). ((77|l respectively. 

In the end, we will have the following formula for the integration by parts 
of a hard ^-contraction C g N (^i, . . . , tp z , £) : 

h^W^'l* (79) 

where the degree of the rational function ' will be zero and the com- 

° (N — n) rn 

plete contractions (^l, ■ ■ - ,ipz) will be in the following general form: 

conir(V™Lr mi ^ijiftiii ® ••• ® V?'.. Vma Ri.j.k.i.® 

^...tp^icoift ® ••• ® v ^... 2p , ffic « 9 /3,® (80) 

v^... x ^i ® ••• ® v^...^ z ^ z ® sv xi r§ ® ••• ® sv»-r£) 

where u > 0. Therefore, by virtue of 177fl . we see that if C g n(ipi, . . . , ipz) 
is hard, then the integrand on the right hand side of l|79|) may apriori contain 
complete contractions in the form l|31fl . We accept this for the time being, 
although we will later show, in LemmalTHthat. in fact, there will be cancellation 
among such complete contractions. 
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5.3 The simple divergence formula 

Therefore, after a series of integrations by parts, the relation H59[) can be brought 
into the form: 

■*[I*s (ip u ...M- Z aeA a a J p^- C a gN (Vr, . . • , 4>z) 
P(N) (81) 

Where deg[P a (N)] — r a and deg[Pb{N)\ < r b . The complete contractions 
(jv-n)^° Cgif ("01 1 ■ ■ ■ :' t Pz)(x) have arisen from iterated integrations by parts of 
the good, the hard and the undecided complete contractions. They are in the 
form (j62(l or l)8()[l. We may assume with no loss of generality that the leading 
order coefficient of each of the polynomials P a {N) is 1, incorporating it in a a - 

The complete contractions C gN (ipi, . . . , tpz)(x) have arisen from the easy 
complete contractions. All of the complete contractions in the formula l|81|l 
have arisen according to the procedure we outlined in the previous subsection. 

Now, relation (|81|l shows us that the quantity between brackets is zero for 
every x 6 B(xq, e). In particular, 



I gN (<ipi,.. .,if) Z )(x ) - T, aeA a a C° w Oi, . . .,i> z )(x )- 

P h (N) (82) 
(N — ny b y 

for every Riemannian manifold {M , g ), any functions tpi, . . . , ipz around 
xo G M and any coordinate system around xo G M . Now pick any (M™, g n ), 
any Xq G M n and any coordinate system around xo- We define M N = M n x 
S 1 x ■ ■ ■ x S 1 (S 1 has the standard flat metric and g N is the product metric). 
We pick io = (xq, 0, . . . , 0) and consider the induced coordinate system around 
xq. It follows that: 



I gn (ipi, . . .,tpz)(xo) - Z a eAa a (N _ y C^ n (if) 1 ,...,ipz){x )- 

P h (N) (83) 

for every Riemannian manifold (Af n , <?"), any functions ipi, . . . ,ipz around 
xq G M n and any coordinate system around xo G M n . 

In equation (JHHJ, N is just a free variable. Hence, we can take the limit as 
N — > oo in (|83|1 and obtain the simple divergence formula: 

7jL(Vi, ■ • • , ^z)(x ) - ^ A a a C a gn (Vi, . . . , i>z)(x ) = (84) 
So we have disposed of the integrations by parts of the easy complete con- 
tractions. 
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6 The three refinements of the simple diver- 
gence formula. 



6.1 The first refinement: Separating intrinsic from un- 
intrinsic complete contractions. 

We recall from the previous section that some of the complete contractions in 
l|84|) will be in the form (|62f) . On the other hand, we have also found that there 
will be complete contractions in the general form l|8U|l . with u > 1. Accordingly, 
we introduce the following dichotomy: 

Definition 14 Complete contractions in the form 1^31)) or \6ty will be called 
intrinsic. Complete contractions in the general form }8U\) with u > will be 
called un-intrinsic. 

Let us consider, in l|84|l . the two sub- linear combinations of the intrinsic and 
of the un-intrinsic complete contractions. Written that way, l|84|) will be: 



Ig n (ipi, ■ ■ • ,ipz) - SieLa/C^Oi, ■ ■ - ,ipz) - ^ r eRa r Cg n (ipi, . . .,ipz) = (85) 

where the complete contractions C l g n(4>i, ■ ■ ■ :^z){x) are the intrinsic ones 
and the complete contractions C r gn {ipi, ■ ■ ■ , ipz)(x) are the un-intrinsic ones. We 
have, of course, that L[\ R = A. 

Our next goal will be to show that: 

lf» (Vi, • • • , Vz)(x) - Ei 6£ aiC£„ (ih,-..,^z)(x) = (86) 
which is equivalent to proving: 

EreflOrCJ«(^i,... > Vz)(aO=0 (87) 

So let us focus on showing l|86|l . Let us treat the value of the left hand side of 
l|84(l as a function of the coordinate system. We want to show, roughly speaking, 
that the tensors SV m r^(xo) are not independent of the coordinate system in 
which they are expressed. In other words, they are not intrinsic tensors of the 
Riemannian manifold (M n ,g n ). 

Lemma 9 We have that 18b}) holds. 

Proof: We consider the tensors SV™ ... Sfn ^ij( x o)> r*j (x ), written out in any 
coordinate system. We want to see what their values can be, given our metric 
g n around Xq. 

We need to recall the following fact from ^3] : Consider a coordinate transfor- 
mation around the point xq G M n . Let us say we had coordinates {x 1 , . . . , x n } 
and now we have coordinates {y 1 , . . . ,y n }. Then the Christoffel symbols T^- 
will transform as follows: 

^\ dx l , . „. . dx l dx j d 2 x l , , . „. 

= ^)^ w + (88) 
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(f ^(xo) stands for the Christoffel symbols in the new coordinate system). 

Now, it is an elementary fact that the tensors V m Rijki are intrinsic ten- 
sors of the Riemannian manifold. That means that they satisfy the intrinsic 
transformation law under coordinate changes, as in |14|. 

We will need the following Lemma: 

Lemma 10 Consider a point Xq € M n and a coordinate system {x 1 , . . . ,x n } 
around xq for which g™j(xo) — Sij. Then, given any list of special tensors 
I* rp+2 , which are symmetric in the indices T\ , . . . r p+2 > there is a coordinate 
system {y 1 , . . . , y n } around xq e M n so that the tensors SV^ r r +2 have 
the values of the arbitrarily chosen tensors rp+9 at xq and furthermore we 

have that [^](xq) = Id nxn and <?"- — Sij (this is with respect to the new coor- 
dinate system). 

Proof: Let us observe that by |14j when we change the coordinate system 
{x 1 , . . .x n \ into {y 1 , . . . ,y n j, the tensors V? _ TL „ will transform as fol- 

L ' J L f i i u j i i i . . .1 p I p_|_ ]_ / p-\-2 

lows: 



p ~ x dx l , dx ri dx rp + 2 

V r[...r' p l r> p+1 r> p+2 Q^{X0) = Vri.-.r, 1 r p+1 r p+2 g^T ■ ■ ■ ^^^^ 



dP+2xl , ^ w Q fr, ^ 

(x ) + z{d f r,—)(x ) 



(89) 



dy r 'i . . . dy r ?+ 2 ' d h y' 



where T stands for the Christoffel symbols in the new coordinate system and 
S(9^r, fjr 2 ) stands for a linear combination of partial contractions of factors 

against factors |^ with h < p + 2. 

Now, we can prescribe — ° — — (xq) to have any symmetric value in 

dy r i ...dy r P+ 2 

the indices r%, . . . , r p +2- Thus, if we write out the transformation law for 
SV% x ___ r rj r +3 {xq) under coordinate changes, then the linearized part of its 

transformation law will be precisely g— ^ dx r p+ 2 ( x o)- Hence, by induction on 
p, we have our Lemma. □ 

Let us call these arbitrary tensors „ the un-intrinsic free variables. 

By construction, they satisfy Z* ...r p+2 (* 2 fl ,n ) = ^••■t +2 Thus, they are 

special tensors. 

But then it is straightforward to check Lemma [5] We can break equation 
Ij85(l into two summands: The left hand side of (|86|) plus the left hand side of 
H87(l . We may then pick any A £ I and pick a new coordinate system so that 
(SV p T^y(x Q ) = A • (5V p L^)(x ). (Here (SW p T^)'(x ) stands for the value of 
S\7 p T^j(x n ) with respect to the new coordinate system). We can then see the 
left hand side of l|85l) as a polynomial in A, n(A). We have that the constant 
term of n(A) must be zero. Also, the constant term of LT(A) is precisely the left 
hand side of l|86|) . We have shown our Lemma. □ 
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6.2 The second refinement: An intrinsic divergence for- 
mula. 

We begin this subsection with one more convention. When we have an equation 
of the form: 

Ei 6 lo i C^(^i,... ) Vz,D = (90) 

where each C n {ipi, ■ ■ ■ ,ipz,0 is a complete contraction in the form 16411 . we 
will be thinking of the factors SV™ r £j (m > 0) as symmetric (m + l)-tensors 
in the indices n,...,r m ,j so that SV£... rm £(iV) = ^V™ ... rm £■(</"). This 
condition trivially holds since we will be 

implying that the above equation holds for every Xq € (M n ,g n ) (g n can be any 
Riemannian metric), any functions tpi,...,ipz defined around xq, any vector 
£ € K n and any coordinate system defined around xq. 

Now, we define C l gn (ipi, . . . ,ipz,ty to stand for complete contraction that 

arises from C l gn (^i, ■ ■ ■ , ipz, £) by replacing each factor SV™ ,.. r £j by an auxil- 
iary symmetric tensor f2 ri ... rm j. We claim: 

Lemma 11 Assuming \9U\) (as explained above), we have that: 

Z leL c H C gn (i; 1 ,...,>il> z ,n) = (91) 

will hold for every xq 6 {M n ,g n ) (g n can be any Riemannian metric), any 
functions ipi, ■ ■ ■ , ipz defined around Xq and any symmetric tensors . 

Proof: Firstly, we observe that for every sequence O^, . . . , fi,- 1 ...j s , . . . of 
symmetric tensors for which ^ 0, we have that there is vector £ £ R" and 
also a coordinate system around xq e M™ so that: ^ = fi,^ , . . . , 5V™ ... r £j = 
fi ri ... rm j, .... This is clear by virtue of the formula SV™ rm £,- = SV™- 1 ^^^ 
and by Lemma ITU1 

Now, for any sequence fi^ , . . . , 0^...^ , . . . where = 0, we only have to 
consider any vector ei where |e*j| is small. We then have that there is a coor- 
dinate system so that £j = and SV™ ,.. r £j = ^n...r m j, for every m > 1. 
Letting — ► 0, we obtain our Lemma. □ 

Now, the aim of this subsection is to further refine Lemma We will need 
certain preliminary observations. 

Notice the following: Let us pick out one ^-contraction Q{N)-C l gN (i/>i, ■ ■ ■ , ipz, £,) 

of the form (|f)4|> with k + 1 < We have then treated the integrals 

f e (N~n)Z. SQ{N) . C l {i>u } ^ £ )d y gn 
J R N 
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and performed integrations by parts, obtaining a relation 

[ e<- N - n ^Q(N) ■C l gN (i/ h ,...,i> z , g)dV g n = 
% RN (92) 
/ e^- n ^ s ^ sl Q a {N)C l Mx, . . .^ z )dV gn 

J R N y 

where the degree of the rational function Q S (N) is zero. Adding up all 
the integrations by parts, writing things in dimension n and taking the limit 
N — > oo gives us the formula Q84JI. Let us call this procedure by which we 
integrate by parts one ^-factor at a time the iterative procedure of integrating 
by parts. 

After we do all the integrations by parts for a ^-contraction as in (|124[) . we 
will call the quantity: 

lim N — > oc i: se sQs{N)C' g n(il>i, . . . ,ipz) 

the final outcome of the iterative integration by parts. We will denote the 
final outcome by F[Q(N)C l gn (ipx, . . .,i/j z ,£)]- 

Recall that we are assuming the leading order coefficient of Q S (N) to be 
1. We make a further notational convention: When we write out the good or 
undecided or hard ^-contractions and also when we integrate by parts, we will 
be omitting the dimensional rational function Qi(N). This is justified by the 
fact that we eventually take a limit N — > oo. So all the formulas that will 
appear in this section will be true after we take the limit N — > oo. We will 
refer to this notational convention as the iV-cancelled notation. 

As an example of this notational convention, we will be saying that we 
apply the third summand on the right hand side of the formula (|57|) to the pair 
( m , m ) in V m R m jki and bring out £, m R m jki instead of saying that we bring out 
N£, m R m jki- Also, we will say that we substitute a factor Ricij by — Vi£j or a 
factor R by —|£| 2 (instead of —NVi^j or — A^ 2 1^| 2 respectively). What is meant 
will be clear. 

Observation 1 We note that the formal expression for F[C gn (ipi, ■ ■ ■ 
depends on the order in which we perform the integrations by parts. In general, 
whenever we make reference to the integrations by parts, we will be assuming that 
we arbitrarily pick an order in which we perform integrations by parts -subject 
to the restrictions imposed in the corresponding section or any extra restrictions 
we wish to impose. 

Now, some conventions in order to state and prove our Lemma for this 
subsection: 

Definition 15 In N -cancelled notation: Consider any good or undecided £- 
contraction C g n(i/)x, . . . ,if)z,£), in the form if 6 '3\) or {6$ . The number of £- 
factors in C g n (ipi, . . . , ipz, £) is k + I. We perform the iterative integrations by 
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parts, subject to the following restriction: In each step of the iterative integration 
by parts, suppose we start off with X ^-factors. We integrate by parts with 
respect to a factor £j and we obtain a linear combination of ^-contractions (each 
in the form or \6j\) ), each with X — 1 ^-factors. In that linear combination 
we cross out the hard £- contractions. We then pick out one of the ^-contractions 
we are left with (it will either be good or undecided) and again integrate by parts 
with respect to a factor £. After k + I steps, this procedure will terminate and 
we will be left with an expression: 

I eW-^&VheHahQhWCfrfa, iPz)dV gN 

J M N 

Each complete contraction C N {ipi, . . . , ipz) is in the form and the ra- 
tional function Qh{N) has degree and leading order coefficient 1. 

We then define T,f l ^HO'hC g n (tpi, ■ ■ ■ , ipz) to be the outgrowth ofC g ™ (ipi, . . . , ipz, £)■ 
We will denote it by 0[C g ™ (ipi, . . . , ipz, £)]• 

We want to prove the following: 

Proposition 3 Consider the sublinear combination S gn {ipi, . . . ,ipz,0 of 
S g „ (ip\, . . . , ipz, £) which consists of the good and the undecided £- contractions. 
We then claim that if in our N -cancelled notation we have 

S*n (Vl, .-.,ll>Z, = Xl eLai C l gn (iPl,..., fef) 

then we have the following: 

1% (ip u ...,ip z ) + X l&Lai O[C l gn (Vi, . . . , iPz, I)] = (93) 
Proof of Proposition \^ 

Let us suppose that the linear combination of the hard ^-contractions that 
we encounter, along the iterative integration by parts of C gn (ipi, ■ ■ ■ ,ipz,£,) is 
^beB ia bC gn (ipi, . . . , ipz ,£,)■ We can then write: 

F[C l gn . . • , iPz,t)} = 0[C l gn (ip u ..., ip z ,i)] + Y, beBl a b F[C h gn {^,---,ipz, 0] 

(94) 

Now, let us note the following fact for the final outcome of the iterative 
integration by parts of a hard ^-contraction C gn (cp, £), in the form (|64() with 
k = 0, I > 0. 

Lemma 12 Let us suppose that: 

F[C^(cP,0] = ^ yeY ,a y C y gn ^) 
Then, there will be one complete contraction a y C gn ((p) (along with its co- 
efficient) which is obtained from C gn {<p,^) by substituting each of the I factors 
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SV™ ... rm £j by — SVjjJ. r _ 1 Tf m j. That complete contraction arises when each 
derivative V d which arises from a factor SV™ rm £,j = SV™' 1 rm l Tf m ^d hits 
the factor SV™~ 1 rm _ i r~ m j , and then we symmetrize using J77| ). We will denote 

this complete contraction by DF[C l gn (ipi, . . . , ipz>£)]- 

Furthermore, we claim that each other complete contraction a y C g n(4>) in 

F[Cgn(<f>, £)] will have strictly less than I un-intrinsic free variables SV™ r m ^ij 
for which d contracts against one of the indices fi,... ,T m ,i,j in C^ n ((fr). 

Proof: This follows from the procedure by which we integrate by parts and 
also from the formula l|77|). □ 

Now, let us consider the sublinear combination of good, hard and undecided 
^-contractions in S gn (tpi , . . . , V'z, £) : 

E /ei a/Cg„(^i, ...,tpz,0 

Now, we break up the index set L as follows: I G L 1 if and only if C l gn (ipi ,.. .,ipi 
is good or undecided. I G 1? if and only if C l gn (ipi, . . . , ipz, £) is hard. 

For any hard ^-contraction C g n(<fi,£), we break up the linear combination 
F\C g n (4>, £)] into the sublinear combination F Intr [C g ™ (0, £)] of intrinsic com- 
plete contractions and the sublinear combination p UnIntr [C g n (4>, £)] of unin- 
trinsic complete contractions. 

We can then rewrite l|8t)|l as: 

E l6i ioiE 66B .o 6 F Jntr [C*„(^i, . . . ,</>z,|)] + ^ieL^iF Intr [C l gn (^, . . . ,^ z ,|)] = 

(95) 

and also l|87|l as: 

S ieil « i S ieB ,a 6 f t '" Wr [Cj^ 1 , . . . , Vz,0]+E ieL ^^ C/ " 7ntr [^(^i, . . .,i>z,0] 

(96) 

We then claim: 
Lemma 13 We have that: 

^ leL ^ beBl a b F Intr [C b gn (V> lf • • ■ , Vz, D]+E ieL2 a^ Jnir [C^ (Vi, . . . , ^, £)] = 

for every (M n ,g n ), every ipi, ... ,tpz- 

Notice that if we prove the above we will have our Proposition. 
Proof: We will in fact prove a stronger statement. We claim: 
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Lemma 14 We will have that: 



T,i eL iaiT, beB iabC^„(ip 1 , ...,ip z ,Q + Eje^a/C^C^i, ■ ■ ■ ,ipz,£) = (97) 

/or anj/ point xo, any metric g n around xq, any functions ipi, . . . , t/>.z and 
any coordinate system. 

Proof that Lemma TT^ follows from Lemma [7^1 ' 

We consider the linear combination 

B leL iaiB beB ,a b NP"Q b (N)C b gN . . . , ^, O+E^a^Q^)^ • • • , I) 

of the hard ^-contractions that we have put aside, without the ./V-cancelled no- 
tation. Here, the rational functions Q b (N), Qi(N) have degree zero and leading 
order coefficient 1. Moreover, if we denote by \£\ b , |£|z the number of ^-factors in 
C h gn (ipi, . . . , ip z , 0, C^„(^i, . . . , i\) Z , t) respectively, we will have that p b = \(\ b 
and p ; = 

For the purposes of this proof, we will consider any hard or easy ^-contraction 
N a Q a (N)C g N . . . ,ipz>q), where Q a (N) has degree zero and leading order 
coefficient one. We perform the iterative integrations by parts, as explained in 
the previous subsection, and obtain a relation: 



N a (98) 

where either a — p u for every u 6 U or a < p u for every u £ U, depending 
whether C g Kr(ipi, . . . ,ipz,Q is hard or easy, respectively. We then denote the 
expression between brackets by E[N a Q a (N)C g N (ipi, . . . , ipz, £)]• 

As before, we break up E[N a Q a (N)C g N(%p 1 , . . . ,ipz,Q] i nto t w0 sublinear 
combinations E Intr [N a Q a (N)C gN (^, . . . , ^ z ,£)l E Unmtr [N a Q a {N)C gN (ipi,...,ipt 
that consist of the intrinsic and un-intrinsic complete contractions, respectively. 

Now, in view of Lemma ITU it follows that: 



^i eL ^ beBl a b N^Q b {N)C b gN {^ . . . , *p z ,0 + X ;eL2 a,A^Q,(A0C< N .. . , i>z-X) 
Y. weW a w NP-Q w {N)C™ N {i) U . .. 

(99) 

where each ^-contraction N p ™Q w (N)C gN {ipi, . . . ,ipz,C) is easv ! an d moreover 
the rational function Q W (N) has degree zero and leading order coefficient one. 
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Wc deduce that: 



V l€L ia l V b€Bl a b E[N'"'Q b {N)C b gN {il> 1 , . . ., Vz,0] + T, leL2 aiE[N^Q l {N)- 



C l qN U>i t ...,1>z,t)] = Z weW a w E[NP-Q w (N)C™ N . . . ,^ z , £)] 



(100) 



and therefore: 



(101) 

We then define a new operation Oplim that acts on linear combinations 
E heH a h E[mQi(N)C^ (V>i, . . • £)], (where N Pl Qi(N)C^ N (V-i, . . . , Vfc, may 
be either hard or undecided), by rewriting them in dimension n (thus the coef- 
ficients N are now independent of the dimension n) and letting N — ► oo. We 
act on the linear combinations on the left and right hand sides of the above by 
the operation Oplim and deduce: 



X leLiai X beBl a b F Intr [C b gN . . . , r/, z , I)] + V leL 2 ai F Intr [C gN . . . , 0] = 
^ w£W a w O P lim{E Intr [N^Q w {N)C^ N ^ u . . . , Vz,£)]} = 

(102) 

Thus, we indeed have that Lemma 1X51 follows from Lemma IT4l □ 
Proof of Lemma \Tl\ Let rewrite (|97|l in the form: 

Si 6£ Oi(C") ff »(V'i,....^z,D = 

We will say Z G if and only if Cg„ (-01, ■ ■ ■ , "02; has /j, > factors SV a £. 
We prove the following: Let us suppose that for some M > 0, we have that for 
every fj, > M: 

Z l&Lfl a l (C l ) g n(i h ,...,ijz,Z) = 
We will then show that: 

£ ieLM a ; (CV W>i, ■ • • = (103) 

If we can show the above claim, our Lemma will follow by induction. Now, 
recall that if for some linear combination of hard ^-contractions we have (in 
./V-cancelled notation) that 



£ reJi a r CT„(V>i, ...,ipz,£) = 
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Then, by the argument above it follows that: 

E reR a r F UnIntr [C r gn (1P1,..., i>z, I)] = 
Therefore, in view of our induction hypothesis, we will have that: 

^ >M Y. l ^a l F UnIntr [{C l ) g n^ x ,...^ z ,g)) = Q (104) 

Therefore, for the proof of our inductive statement we may assume that we have 
crossed out the above sublinear combination from l|9t)l) . Whenever we refer to 
<|9(i|) . we will be making that assumption. 

In order to show l|103|) . we will initially show: 

E; eiM a iJ DF[(C7VW>i, • • • ,il>z,&] = (105) 

Firstly, for any complete contraction in the form (79), let us call a factor 
SV^ Ti> where the index k contracts against one of the indices n, . . .,j a 
useful factor. 

Now, we notice that any complete contraction in i|96|) which does not belong 
to the sublinear combination l|103|) will have strictly less than M useful factors. 
This follows from our definition of the index set Lm and Lemma 

Now, let us denote by Special (E; e £ Af ) the sublinear combination in (|105|l 
that consists of complete contractions all of whose factors in the form SV P T^ 
satisfy p > 1. It follows that: 

Speciali^^L^ = (106) 

by substitution. But then, in view of Lemma 0] we have that 1(106(1 holds for- 
mally. Then notice that under all the permutation identities in definition [SJ the 

number of factors SV p f t Iy- where the index k contracts against one of the 
j\"'jp i j u 

indices f%,...,j remains invariant. Hence, since the left hand side of (|105(l is 
the sublinear combination in 1(96(1 with the maximum number of useful factors, 
((TUB) follows. 

But then Hl()5|l holds formally (again by Lemma Hence, let us imi- 
tate the permutations of factors that we do in HlU5fl to make it formally zero 
for the ^-contractions in Ij 103(1 . We only have to observe that if we can per- 
mute the indices of two tensors SV^ 1 : (x ), SV™^ 1 r , ^,(^0) to make 
them formally identical, we can then also permute the indices of the tensors 

SV™...r m T ij( x o)(k> S V™...r'J?i>f( x °^ k t0 make them formall y identical. We 
have shown our Lemma. □ 

We have proven our Proposition □ 

6.3 The third refinement: The super divergence formula. 

We begin this subsection with a few definitions. 
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Definition 16 A £- contraction C g n(ipi, . . . ,ipz,Q w ^ be called stigmatized if 
the following holds: C g n(ipi, . . . ,ipz,C) * s * n the form \6J t \) and each of its factors 
£ contracts against another factor £. We note that C g ™ (ipx, . . . , ipz, £,) * s allowed 
to contain factors SV m £, m > 1. 

Now, consider any good or undecided complete contraction C g ™ (ip%, . . . , ipz, 
and consider its iterative integration by parts. 

Definition 17 We will define the pure outgrowth of C g n(ipi, . . . ,ipz)- We im- 
pose additional restrictions on the integration by parts: Firstly, whenever we 
encounter a hard £- contraction we discard it. Secondly, whenever we encounter 
a stigmatized £- contraction we also discard it. Lastly, if we have a £- contraction 
which is neither hard nor stigmatized, we will choose to integrate by parts with 
respect to a factor £ that does not contract against another factor £. 
In the end, we will be left with a linear combination: 

I e( N - n ^ s Z heH Q h (N) ■ a h C' l N (^, ^ z )dV gN 
J i N 

Each complete contraction C N (ipi, . . . , ipz) * s i n the form and the ra- 
tional function Qh(N) has degree and leading order coefficient 1. 
We define: PO[C g n (^i, . . . , iPz)} = Yl h ^ H a h C^ (^i, . . . , ipz). 

Our goal for this subsection will be to show that: 

Proposition 4 If the sublinear combination of good and undecided £- contractions 
in Sf n (ipi,...,ipz,€) is ^leLdiCgniipx, . . . ,ip z ,£), then: 

//„(Vi, ■ • • , ipz) + E leL a,PO[C£»(^i, . . . , = (107) 

Before proving this proposition, we will need some preliminary Lemmas. 

Lemma 15 Let us consider a good or undecided ^-contraction C g ™ (ipi, ■ ■ . , ipz, £)> 
in the form $63\) or |6'^| ) , Let us suppose that C g n(ipi, . . . ,ipz,C) has a factors 
|£| 2 and (3 factors R (scalar curvature) . Let us consider the iterative integration 
by parts (as in the previous subsection) of C g n(ipx, ... ,ipz,^)- Then, at each 
step along the iterative integration by parts of C g n(ipi, . . . ,ipz,£,), the number of 
factors |£| 2 and the number of factors R does not increase. 

Proof: The proof is by induction, following the iterative integration by parts. 

□ 

We also define: 

Definition 18 Given any £- contraction C g n {ipi, . . . , ipz, £) in the general form 
{64}) , let A be the number of its factors W m Rijki, ~S/ p Ric, Z be the number of 
factors V p ipi, C the number of its factors SV m £ (with m > 1), D the number 
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of its factors |£| 2 and E the number of its factors £ that do not contract against 
another factor £. We then define the ^-length of C g n(ipi, ■ ■ ■ ,ipz) to be A + 
Z + C + D. For any partial contraction in the form Q6'3p or \6J$ , or any £- 
contraction with factors V"£ (non- symmetrized), we define its ^-length in the 
same way. 

We now want to see how any given complete contraction C g n (tpi, . . . , ipz) in 
the form (|62|l can give rise to good, undecided or hard ^-contractions under the 
re-scaling g N = e 2 ^' x g N . 

Definition 19 Let us consider any dimension- dependent complete contraction 
Q(N) ■ C g N (ipi, . . . , ipz, where C g N (ipi, . . . , tpz,0 is in the form \b'4\) , with 
factors V m £ instead o/S'V™ 1 ^. We will call such a ^-contraction de- symmetrized. 
Recall that |£| stands for the number of ^-factors. We will call such a dimension- 
dependent £- contraction acceptable if deg[Q(N)] — |£| and unacceptable if 
deg[Q(N)} < \(\. 

Now, consider any C g ™(ipi, . . . ,ipz), which is in the form l|t)2|) . We want to 
understand how the sublinear combination of acceptable complete contractions 
arises in e n ^' x C ' ^. Sg N (ipi , . . . , i>z)- We need one small convention before making 
our definition: Whenever we have a factor V™ r Ricij with m > 1, we will 
assume that i, j are not contracting between themselves. This can be done with 
no loss of generality by virtue of the formula V a i? = 2V b Ric a b- Thus, we think 
of our complete contraction as being in the form: 

(108) 

where the factors V m Rijki do not have internal contractions between the 
indices i,j,k,l, the factors V p fficy do not have internal contractions between 
the indices 

We are now ready for our definition. 

Definition 20 We consider internally contracted tensors in one of the following 
forms: V* rp ipi , Vf ,, Hie,,. ... rp £j or ,„ rp Rijkl- The indices that are 
not internally contracted are considered to be free. 

We will call a pair of internally contracting indices, at least one of which is 
a derivative index, an internal derivative contraction. We now want to define 
the good substitutions of each tensor above. 

For the tensor V£ r ipi, we denote the pairs of internal contractions by 
(fai,n>i), • ■ ■ (?"a! j f6i ) • The ordering of the indices r a ,ri, in (r a ,rb) is arbitrarily 
chosen. We define the set of good substitutions of the tensor r ipi as follows: 
For any subset {u>i, . . . ,Wj} C {1, . . . , 1} (including the empty set) the tensor 
£ rb ™i . . bm j V£~f' Po rp ipi is a good substitution of 
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We similarly define the set of good substitutions of any tensor rp Ric rp+iri 
VS „ £ r j-i or V£ „ R r , , r ,„ r ,„ r ,„ /i/iis Zast is allowed to have internal 

ri-.-Tp^'p+l r±...r p < p+l ' p+2 1 p+3' p+4 \ 

contractions, but not among the set r p+ i, . . . ,r p -\-i): For any tensor above, let 
the set of pairs of internal derivative contractions be (r ai , ) , . . . (r a , , r^, ) . The 
order ofr a ,rb in (r a ,rb) is arbitrarily chosen, but r a must be a derivative index. 
Also, for the factor Vf! x rp i?ic rp+irp+2; if p > 1, we assume that the indices 
Tp+x , Tp+2 do not contract against each other. 

Then, we define the set of good substitutions of any tensor as above as fol- 
lows: For any subset {wi, . . . , Wj} C {1, . . . , 1} (including the empty set), the 
tensor 

S V ri...r Qroi ...r p IXI ' L -r p+1 r v+ 2 5 V n . . .f Qroi . . .r p ?r p+ i VI 

e -2$-££b wl _ _ ^ V£~% ... rpJ Rr p+1 r p+2 r p+3 r p+ 4; respectively, is a good substi- 
tution. 

We define any partial contraction C^n" u (i/ii, ■ ■ ■ ,i>z,0 in the form or 
l|64|) to be nice if in no factor is the index i free and no factor £ contracts 
against another factor £ in Cgk'* 3 (ipi, ...,ipz,£)- 

We are now ready for our Lemma. We want to study the transformation law 
of any C g ™ (tpi ,tpz) in the form (|B^|l under the re-scaling g N — ► g N . We do 
this in steps: Pick out any factor T* L a . in C s » (ipi, . . . , ipz) and make the indices 
at that contract against any other factor in C g n(ipi, . . . ,ipz) into free indices. 
So we have a factor (X^ _ ) ahi ... 0j> , which we will call the liberated form of the 
factor T* t tt . . We view C g ™ (V>i, ■ ■ ■ , V'z) as a complete contraction among those 

tensors T„ s _ . We then consider each tensor (T* „ ^ . It will be a ten- 
sot of rank /. It follows that if we substitute each (Tf „ ) gN by (T* „ 
and then take the same complete contraction of factors as for C g n (ipi, . . . , ipz), 
with respect to the metric (g N ), we will obtain e n ^' x C 2 g. s rrUpi, ■ ■ ■ ,ipz)- 

Lemma 16 (The acceptable descendants) Given a complete contraction 
C g i.(ipi, . . . ,ipz) in the form $108}) . the sublinear combination of the acceptable 

£- contractions in e n ^ C e2 g.g gN (ipi, ■ ■ ■ , ipz) arises as follows, in N -cancelled no- 
tation: 

Each of its liberated factors (T^ a . ) 9 ah ah can be substituted according to 
the pattern: 

1. Any factor V m Rijki with no internal contractions must be left unaltered. 

2. Any factor of the form V™ r Rijkl (where the indices i,j,k,l do not 
contract between themselves) can be substituted by a good substitution of 
V™ r Rijkl or by a nice partial contraction of ^-length > 2. 

3. Any factor \7 p ipi can be substituted by a good substitution of V p ipi or by a 
nice partial contraction of t; -length > 2. 
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4- Any factor rp RiCij ^ R can be substituted either by a good substitu- 
tion of V|?j rp RiCij or a good substitution of — V^ 1 ,, £j or by an nice 
partial contraction of £ -length > 2. 

5. Any factor R can be left unaltered or be substituted by — 2V l £; or by — 1£| 2 . 

We then claim that the sublinear combination of acceptable t;- contractions in 
e n ^' x C e 2£. SgN (ipi, ■ ■ ■ , ipz) arises by substituting each liberated factor \F ai ... aj ) 9 h 
in Cg-nfyx, . . . ,ipz) as explained above and then performing the same particular 
contractions among the liberated factors as in C g n(ipi, . . . ,ipz), with respect to 
the metric g N . 

Proof: The proof of this Lemma is a matter of applying formulas l|57|l , (|55|) , 
and JSHJl as well as 

N 

Consider any sequence of tensors times coefficients: a(N) ■ (T^,..^. ) 9 , where 
N = n, n + 1, . . . and the tensors (T^...^ ) 9 are partial contractions of the form: 



contr^™ 1 rm Ri^^h®---®^™ 3 v m Risj.k.l,® 

' 3 - ^ , r (109) 

v£... x ^ ® v «l..«™^ ® • • • ® v-...„ m 6 ® 4 ® • • • ® 4) 

where there is at least one factor W^tpi or V m Rijki or V m £, but not necessarily 

JV 

one of each kind. a(N) is a rational function in N and (T^...^. ) 9 is the rewriting 
of (Tij...! ) ff in dimension TV. 

For any such partial contraction let \g\ stand for the number of factors gfj , 

|£| stand for the number of factors V m £ and deg[a(N)] stand for the degree of 
the rational function a(N). 

We also consider linear combinations: 

E^ratiN^Tf^y (lfO) 

where each sequence <h(N)(Tf t ) 9 is as above. From now on we will just 

speak of the partial contraction a,t(N)(T? ij 9 " , rather than the sequence of 
partial contractions times coefficients. 

We say that such a partial contraction is useful if \g\ = 0, |£| = deg[a t (N)] 
and the index k in each factor is not free and there are no factors |£| 2 . We will 
call apartial contraction useless if deg[at(N)]+\g\ < |£| or if deg[at(N)) + \g\ = |£| 
and \g\ > 0. Note that "useless" is not the negation of "useful". 

Consider any tensor (V™ r Rijkl) gN ° r (V p -0;) 9 or (Vf ( Ricij) 9 " with 
internal contractions. Let us suppose that the free indices are i\, . . . i s . We will 

JV JV JV 

write those tensors out as (V™...r m Rijkl)i u ... it , (V 3 ^/)^...*.. {^H...t p Ric ij)i 1 ...i s - 
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— _ *-N *N 

We claim that any tensor e _2 £' x (V™_ r Rijki)^ ie or {V p 4>i) ll ...i s 9 or 

" N 

(V^ tp RiCij)ii . . .i s 9 (where i,j,k,l in the first case and i,j in the second do 
not contract against each other) is a linear combination of useful and useless 
tensors, as in (|110|l . Furthermore, we claim that each useful partial contrac- 

-» - /V g JV 

tion of ^-length 1 (in the expression for (V™ ... rm Rijkl)i or iS p tln)i 1 ...i 3 or 

(V^ t Ricij)^ i ) will be one of the good substitutions described in Definition 
1201 We refer to this claim as claim A. 

We will check the above by an induction on m or p, respectively. For m = 
or p = 1, the fact is straightforward from l|54|) and l)55[l. So, let us assume that 
we know that fact for p = K or m = K and show it for p = K + 1 or m = K + 1. 

a TV 

Let us first consider the case of a tensor (V^ + ^. K+i V'i)i 1 i s ■ We inquire whether 
the index r\ is free. If so, we then use our inductive hypothesis for p = K: We 

-JV 

know that the tensor (V^ ... ric+1 "00 i 2 i s satisfies the induction hypothesis. We 

- N 

want to use this fact to find (V^f 1 +1 rK +1 *0i)fx— 
We write out: 

(yK...r K+1 i>i)C.,s = ^TMN)T t gN ^ h ^ 2 .., s +^TMN)T t gN (^,0 l2 .... ls 

(111) 

where the first sublinear combination stands for the useful tensors and the sec- 
ond stands for the useless tensors. 

We only have to apply the transformation law Ij57(l to each pair (fx, 12), ■ ■ ■ , (ri,i s ). 

We easily observe that if any summand in the expression of (V^... r ^)f 2 i s 
is useless, then any application of the identity (|57J) to any pair of indices 
(ri, 12), . . . , (ri, i s ) will give rise to a useless partial contraction. 

-* -TV 

On the other hand, consider any factor T* N (iJ)i,£) i2 „, iB in (V^.. . rjf+1 V>0f 2 ...i 8 
which is useful. We then observe that when we apply any of the last three 
summands in 157JI to any pair of indices (r% , i%) , . . . , (ri , i s ) and bring out a factor 
£, we obtain a useless partial contraction. Finally, if we substitute (V ri Xi [ ) 9 
by (V^X^)' 9 ") (the first summand on the right hand side of (|23p. we will get 
a linear combination of useful ^-contractions, by applying the rule 

Vi[A kl ...k a ®B + A kl ...k„ ®V t B 

Furthermore, we observe that if a partial contraction a t (N)T gN (ipi, £) in 

w a N ~* 

rx i^0i 2 i °- oes n °t contain factors £ k where the index k is free, nor 

factors |£| 2 , then we will have no such factors in V ri at(N)T gN (ipi, £) either. 

Finally, any partial contraction in \7 ri at(N)T* N (ipuO °f ^-length 1 will arise 

if T* has ^-length 1 and provided the derivative does not hit any factor ^ . So, 
by our inductive hypothesis, we observe that any useful partial contraction in 
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(V^+ 1 rjf+1 V'/)ii...i 3 9 of ^-length 1 is a good substitution. 

- N 

Next, let us consider the case where the index r\ in (V^+r K +i^)fi is * s not 
a free index. Let us suppose that r\ contracts against Vj . We consider the tensor 

(^? 2 ...r K+1 "4 ; i) 9 2 ...r j ...i s which is obtained from (V£+* K+1 V>j)»i...i, by erasing 
the derivative V ri and making the index Tj into a free index. We consider the 

transformation law for (V^ r/c+1 -i/'0i 1 r - i B - Our inductive hypothesis applies. 

So, in order to determine (V^^ K +1 V'i)f 1 ...i s > we have to apply (ff)7|) to each pair 
*2), • • • > *s)j ( r ij r j) an d then contract r\ and r.,-. We observe that if we 
consider any partial contraction in (V^ ... rK+1 ' l Pi) 9 1 r i s which is useless, then 
any application of the law 1|57|) to any above pair will give us a useless partial 
contraction. 

Now, let us consider any useful partial contraction at(N) ■ r . t in 

e N 

(^r 2 ...r K+1 ' l l ; i)i 1 ...r j ...i s - We notice that if we apply the identity (|57)l to any pair 
of indices (r%, 12), ■ ■ ■ , (ri, i s ), 7^) without bringing out a factor £ (meaning 
that we apply the first summand on the right hand side of l|HZJ), then by the 
same reasoning as before we have our claim. On the other hand, if we apply 
the identity H57J) to any pair of indices (r\,ii), . . . , (r\,i s ) and we bring out a 
factor £, then after we contract r±, Tj we will obtain a useless partial contraction. 
Also, if we apply the transformation law (|57|l to the pair (r\,rj) and bring out 
a factor £ but not a factor g^ , then after we contract r\ , rj we will again obtain 
a useless partial contraction. Finally, if we apply the transformation law Q57JI to 
(V ri X rj )s and bring out g^ ir .^ s X s , then after we contract n, Tj we will bring 

out a factor N. We observe that we thus obtain another useful ^-contraction. 

Finally, notice that if at(N) ■ 7? r . is had £- length 1, then by our in- 
ductive hypothesis it was a good substitution of (V p ^/)i 1 ... r ....i s . Hence, for 
each such good substitution, we now have the option of either substituting 
V Vl X rj by N£ S X S or leaving it unaltered. Therefore, we see that the set of 

— * — * a N 

useful ^-contractions of ^-length 1 in (V^^ Vi)fi %, 1S indeed contained 
in the set of good substitutions of (V^+^. K ipi)^...^- Moreover, we again ob- 
serve that since any useful tensor «/(.V)'// r , (ipi,£) in (V£... rK+1 V'j)i 1 ...r J ...i 1 , 
does not have factors £ or |£| 2 , then there will be no such factors in cither 
«tWV^,.. rr .,,(^,f) or atiN^Tl rj ls {xj Jh i). Hence, we have com- 
pletely shown our inductive step. 

a N 

The same proof applies to show our claim for the tensors (V™ ,„ r lUjkl)^ j 

and (^ri...r p ^ij)ii i B - The cases m = 0,p = follow by equations (JHEJl, ijHijl. 
We then see that the same proof as above still applies, since it is only an itera- 
tive application of the formula l|57J) . We have proven claim A. 
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Now, in order to complete the proof of our Lemma, we only have to ob- 
serve that if we substitute any liberated factor T ^ R from C g n(ipi, . . . ,ipz) 
by a useless partial contraction, and then proceed to replace the other fac- 
tors by either useful or useless partial contractions and then perform the same 
contractions for those replacements as for C g jv(V>i, ■ ■ • , ipz), we will obtain an 

unacceptable complete contraction in e n ^' x C f2 f. SnN (ipi, . . . ,ipz)- This follows 
by the same reasoning as for Lemma |£] Regarding the substitutions of scalar 
curvature we note that we can replace it by either a factor — (2 — N)V a £ a (in 
which case deg[—(2 - N)] = 1, ||j = 1) or by -(N - 1)(7V-2)|£| 2 (in which case 
deg[-(N-l)(N-2)]=2,\£\=2). □ 

Let us now state a corollary of the above Lemma regarding the linear com- 
bination of good, hard and undecided descendants of a complete contraction 
C g n(t/ji, . . . ,ipz), in the form 

We consider any complete contraction C g n(tpi, . . . ,ipz), in the form (|62() . 
and write it in the form I|1U8|) . We then consider the sublinear combination of 
its acceptable descendants, in the form: 

V£... rpi i«Cy »•••«> V p t l„ tpg Ri Cij ® JT® (H2) 

v£...„ Pi Vi ® • • • ® v^.. bpz ^ g V bl f® • • • V 6 "|) 

Then, by repeated application of the formula (|65[) . we write each such de- 
symmetrized descendant as a linear combination of good, hard and undecided 
^-contractions of the form or flSlfr. 

We then claim the following: 

Lemma 17 Given any complete contraction C g n(ipi, . . . ,ipz) i- n the form 

of length L, then each of its good or hard or undecided descendants constructed 

above will have ^-length > L. 

Furthermore, if the complete contraction C g ™ (ipi, ■ ■ ■ , tpz) has no factors R, 
then none of its descendants will contain a factor — 1£| 2 . On the other hand, 
if C g n(?pi, . . . , tpz) contains A > factors R, then we can write the sublinear 
combination of its good, undecided and hard descendants as follows: 

E leLai [C gn ^ u ...,^,|) + £ refl .C£.(Vi, ■ ■ • ,Vz,D] (H3) 

where each contraction Cg n (ipi, ... ,ipz>£) arises from C g ™ (ipi, ipz) by 
doing all the substitutions explained in Lemma XTb\ but leaving all the factors R 
unaltered. The linear combination Ti r ^ R iC gn {ipi, . . . ,tpz,0 arises from 
C n (ipi,---,ipZiO by substituting a nonzero number of factors R by either 
-2V*& or -|£| 2 and then summing over all those different substitutions. 

Proof: This Lemma follows straightforwardly from Lemma 1161 We only 
have to make note that ^-length is additive and that the correction terms that 
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we introduce in the symmetrization of factors V p £ (using (|65ll ') may increase 
the ^-length but not decrease it. So, since we are substituting each factor in 
Cgn (?/>i, . . . , tpz) by a tensor of ^-length > 1, the first claim of our Lemma will 
follow. 

Our second claim will follow from the transformation law (|55|l . provided we 
can show that no factors |£| 2 arise when we symmetrize and anti-symmetrize the 
factors V p £ and then repeat the same particular contractions as for C g ™ (ipi, . . . , tp s ) ■ 
In order to see this, we only have to observe that for each factor of the form 
V p £j, p > 1, none of the correction terms involve a factor £ a with the index a 
being free. We can see this if we can show that in each correction term from 
the symmetrization of V p £, there is no factor £ a where the index a is free. 

This follows because in order to symmetrize the factor V p £y we only use the 
identities [V a V{, — Vi,V a ]£j = R a bjd£, d and, if k > 1: 

V"{[V Q V fc - v fc v a ]vf } = S(V 4 i?V y O 

where E(V t i?V y ^) stands for a linear combination of partial contractions of the 
form V"i? l:)fc iV !/ |', where l<y<fc + u + 2. □ 

The proof of Proposition^ 

Recall that we have defined a stigmatized ^-contraction to be in the form: 



® sv^4 ® • • • <8> sv^4 ® i^T «) • • • ieT) 

(114) 

where each \ii > 1 and there are r factors SV( and s > factors |£| 2 . If 
r — 0, we will call the the above ^-contraction stigmatized of type 1 and if r > 0, 
we will call it stigmatized of type 2. 

Let us, for each good or undecided ^-contraction C l gn (cf>, £) (with X ^-factors) 

break up its outgrowth 0\C l gn ((f>, £)] as follows: After each integration by parts 

of a factor £, we discard any hard ^-contractions that arise, but moreover, 
when we encounter any stigmatized complete contractions of type 1 or type 
2 we put them aside. We denote by H keK ia k Cg n (tpx, . . . ,ipz,£) the sublinear 

combination of ^-contractions that we are left with after X — 1 integrations 
by parts, after we have discarded all the hard ^-contractions we encounter and 
after we have put aside all the stigmatized ^-contractions we encounter. We also 
denote by ^ keK iakC^ n (ipx, • . .,ipz,£), % keK ia k C g z n {tpx, . . -,ipz,0 the sublinear 
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combinations of stigmatized ^-contractions of types 1 and 2, respectively, that 
we have put aside along our iterative integrations by parts. 
We will then have: 

0[C l gn (0, 0] = ^ keK[ a k O[C k n fa, . . . ,1>z, 0} + Z keK ,a k O{C k n (Vi, • . . , i>z, |)]+ 
^ keK{ a k O[C k n fa,...^ z ,0} 

(115) 

We observe that the ^-contractions C* n (V>i, . . . ,ipz), k & K[ are good, in 
the from with one factor £. 

Hence, we can rewrite as follows: 

i^) + ^ leLai {i: keKl a k o[c k {4>;0]+ , s 

_ ' _, (116) 

X keK? a k O[C k (<j>,0} + ^ keKf a k O[C k {^t)]} = 

Our Proposition will follow from the following equation: 

E« gi a«{E* 6 jf.o fc O[C* . . .,^z,i)} + H k£Kh a k O[C k n ^ u . . .,^,f)]} - 

(H7) 

In fact, we will show that: 

EieLoKSfcejciOfcC*,^, . . . , ^z,0} = (118) 

and 

EieioKEfcexiOfcC*,^, . . .,^,1)} - (119) 

We see that <|117[) follows from the above two equations by the same reasoning 
by which Lemma ll 31 follows from Lemma ITTI 

We first show <|119|) ■ Let us define a procedure which we will call the sieving 
integration by parts. 

Definition 21 Consider any good or undecided ^-contraction C g n {ipi, ■ . ■ , ipzi £)• 
We consider its iterative integrations by parts and we impose the following 
rules: Whenever along the iterative integration by parts we encounter a hard £- 
contraction, we erase it and we put it in the linear combination H[C g n (tpx, . . . ,ipz> 
Whenever we encounter a contraction which is stigmatized of type 2, we erase 
it and put it in the linear combination Stig 2 [C g n (i/ji, . . . ,ipz,£)]- Also, when- 
ever we encounter a stigmatized £- contraction of type 1, we erase it and put it 
in the linear combination Stig 1 [C g n(ipi, . . . ,ipz,0}- 

Furthermore, consider any complete contraction C g ™ (ipi, . . . , ipz) which is in 
the form l\b'2\) . We consider the linear combination of its good or undecided or 
hard descendants, say E^eDOdC gn(ipi, ■ ■ ■ ,ipz,0- We define 

H[C gn (Vi, • ■ ■ , i>z)] = Z deD a d H [C d gn (Vi, ■ ■ • , il>z, £)] 
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We also define: 

PO[C g n(fa, fa)] = X deD a d PO[C^(fa, . . . , fa, ft] 

Stig 2 [C gn (fa,..., fa)] = Z deD a d Stig 2 [C* n (fa,..., fa, ft] 

Stig 1 [C g n (fa,...,fa,)] = V deD a d Stig l [C d gn (fa,..., fa,, ft] 

We claim the following: 

Lemma 18 Let us consider any complete contraction C g n(fa, . . . ,tpz) in the 
form i)6'<j|) of weight —n. We claim that there is a way to perform our sieving in- 
tegration by parts, so that we can express PO[C g n (fa, . . . , fa?)], H[C g n (fa, . . . , ipz)], 
Stig 1 [C g ^(fa, . . . ,ipz)] and Stig 2 [C g ™(fa, . . . ,fa?)] as follows: 

C gn (fa, . . . , fa,) + PO[C gn {fa,..., fa,)] = Y, veV a v C v gn (fa,..., fa)R a " (120) 

where each C gn (ip\ , . . . , ipz) is of weight —n + 2a v , in the form f6'£j)) . with no 
factors R (they are pulled out on the right). We then claim that H[C g n (fa, . . . , fa?)] 
can be expressed as follows: 

H[C gn (fa,..., fa)] = Z vEV a v C v g n (fa,..., fa)- G(R, a v , ~2V%)+ 

E /6F a/C/„ (fa,..., fa,, ft ■ R a f + X feF a f C f gn (fa,. ..,fa,,ft- G(R, a f , -2V%) 

(121) 

where each C gn (fa, . . . ,fa,,ft is of weight —n + 2a f, in the form \64\j with 
k = and with no factors R (they are pulled out on the right). The symbol 
G(R, A, B) stands for the sum over all the possible substitutions of A factors R 
by a factor B, so that we make at least one such substitution. 

Finally, we claim that Stig l [C g n.(il)i, . . . , ipz)] and Stig 2 [C g ™ (fa, . . . , fa,)] 
can be expressed as follows: 

Stig 1 [C g n (fa,...,fa,)] = E vev a v C v gn (fa,..., fa?)- G(R, a v ,-\ft\ 2 ) (122) 

SUg 2 {C g ~(fa, . . .,fa)] = E veV a v C v gn (fa, ...,fa)- T*(a v ,R, -2V*£, 
E /eFfl/ C/„ (fa,..., fa, ft ■ T(a f ,R, -2V%, -]ft\ 2 ) 

(123) 

where T(j, R, -2V l &, -|£| 2 ) stands for the sum over all the possible ways to 
substitute a nonzero number of factors in R^ by either — 2V*£j or — \£,\ 2 , so that 
at least one factor is substituted by — |£| 2 . T*(j, R, — 2V l £i, — 1£| 2 ) stands for the 
same thing, with the additional restriction that at least one factor R must be 
substituted by — 2V l £». 
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Proof: In order to prove the above, we will consider the linear combination 
of C g ™ (ipi, ■ ■ ■ , ipz), together with its good, undecided and hard descendants in 
e N Z x C 2 f S n (tpi, • ■ ■ ,ipz), grouped up as in 11131 . Given any I G L, we pick 
any C gn (ipi, . . . , ipz, £): r G i?' and we identify any factor T ^ — 2V l £j, — 1£| 2 in 
C^{ipi, • • • ,^Z, with a factor in C l gn (ipi, ...,ipz,Q- We then say that such a 
factor in C gn (ipi, . . . , ipz,£), r G i?' corresponds to a factor in C^,, (^i, ■ • ■ , V'z, £)■ 

We will now perform integrations by parts among the sublinear combination 
of good, hard and undecided descendants in J RN e ^ N ~ n ^' x C a 2 - s N {ip\ , . . . , ipz)dV g N , 
so that after any number of integrations by parts we will be left with an inte- 
grand of ^-contractions as in (|113f) . 

Now, for any C gn (ipi, ■ ■ ■ , ipz, Q, we pick out a factor £j (which does not 
contract against another £) and perform an integration by parts. We will obtain 
a formula: 



°Q(N)C l N (i> u ...,i> z ,0dV gN = 

RN - Q(N) < 124 > 

R N JS — n 9 

Consider any ^-contraction C '^{ipi, . . . ,ipz,£) which arises when Vj hits a 
factor T in C l gn (ipi, ... ,ipz,i) with T ^ R. Then consider any ^-contraction 
C g ™(ipi, ... ,ipz>Q: r G R l and integrate by parts the corresponding factor 
Consider the ^-contraction C g '"(ipi, . . . ,ipz,0 which arises when Vi hits the 
corresponding factor T as before. It is then clear that each linear combination 
C l g 'n(ipi, ■ ■ ■ , ipz,£) + ^reR.'C-l'^O'ii ■■-,' t Pz,£) is of the form of equation 
Notice that by Observation^we are free to impose this restriction on the order 
of integrations by parts of the factors £ in ^ reR iC g '^(ipi, ■ ■ • , ipz, £)■ We note 
that the order in which we integrate by parts is consistent with our rules on drop- 
ping ^-contractions into the sublinear combinations PO[. . . ], H[. . .], Stig 1 ^ . .], 
Stig 2 [. . .]. This will follow from the arguments below. 

Now let us consider any ^-contraction that arises in the integration by parts 
of C l g n (ipi, . . . , ipz, £,) when Vi hits a factor T — R. Let us restrict our at- 
tention to the ^-contractions C gn (ipi, ■ ■ ■ ,ipz, 0, r G i?', which arise from 

S,. efl i + C 7 g f(ipi, . . . ,ipz,Q is of the form l|113|) . 

Finally, consider the ^-contractions C g l (tpi, . . . , ipz, 0, Cg™ C01? • • • , ^Z, Q 
which arise from C l gn (-01, ■ ■ • , ipz,K) by substituting the factor T(= R) by -2V*& 
and — 1£| 2 respectively. Also, define R[,R l 2 C R l to be the index sets of all the 
^-contractions CT„ {ip\ , . . . , ipz, £) which arise from CL (ipi , . . . , ipz, £) by sub- 



C g r, (tpi, . . . , ipz, by leaving the factor T(— R) unaltered. Suppose their index 
set is R l a , . We then observe that the linear combination C'n(ipi, . . . ,ipz,Q + 
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stituting the factor T(= R) by — 2V 2 ^ and — |£| 2 , respectively, and by sub- 
stituting at least one more factor R. We then consider the ^-contractions 
CZn a (ipi, . . . ,tpz,0 and Cgl' a (tpi 7 ...,ipz,£) which arise from the integration 
by parts of C^i (tpx, . . . , ipz, £) an d C%(ipi, ■ ■ ■ ,tpz,0' respectively, when V, 
hits the factors — 2V 1 ^, — |£| 2 , respectively. We also consider the ^-contractions 
Cg'"(tpi, . . . , ipz, an d Cgn*(ipi, . . . , ipz, in the integration by parts of each 
C£n(V>i, ■• • , ipz,£), r E R\ or r £ R l 2 when V, hits the factors -2V l & -|£| 2 , re- 
spectively, which correspond to the factors — 2 V 1 ^ or — | £ | 2 in CT« (ipi , . . . , ipz, £) 
and Cgn(ipi, . . . , ipz, £)• It follows by construction that the sublinear combina- 
tions C r g l' a Oi , . . ■ , ipz, I) + S re ^ Cgf (^i, . . . , ip z , and C£S' Q (?/>i , . . . , , + 
^refli,Cff"*( 7 /'i; ■ ■ ■ i ipZiQ & re in the form of equation 1(113(1 . 

Hence, we have shown that if we start with a linear combination of £- 
contractions in the form 1)113(1 , then for each integration by parts in any C l gn {ip\ , ■ ■ ■ , ip 
we can consider the corresponding integrations by parts of each C r gn (ipi , . . . , ipz,£), 
r £ R l and we have that at the next step we will be left with a linear combination 
of ^-contractions in the form ((113(1 . 

If at any stage C g 'n(ipi,...,ipz,£) is a complete contraction in the form 
1(62(1 . we put it into PO[C g ™ (ipi, . . . , ipz)]- It then also follows that the £- 
contraction in Ti reR iC r g ',? {ip\, . . . , ipz, which arises from C g 'n(ipi, . . ■ , ipz, I) 
by substituting factors R only by — 1£| 2 is stigmatized of type 1, and it is put 
into Stig 1 [C g n (ipi, . . . , ipz, €)]■ The ^-contraction in T, reR iCg'^(ipi, . . . , ipz, £) 
which arises from C l g '"(ipi, . . . , ipz, £) by substituting factors R only by — 2V l £i 
is a hard ^-contraction and we put it into H[C g n(ipi, . . . ,ipz,£)]- Finally, any 
^-contraction in T, reR iC r g ^ {ipi, . . . ,ipz,£) which arises from C g 'n(ipi, ■ ■ ■ ,ipz,£) 
by substituting at least one factor R by — 1£| 2 and at least another factor R by 
— 2V J £i is stigmatized of type 2 and we put it into Stig 2 [C g n(ipi, . . . ,ipz)]- 

Let us also notice that the ^-contraction C r g l. ,a {ipi, . . . , ipz, £) will always be 
undecided (it contains a factor Vi^kS^)- For the ^-contraction C g n' a (ipi, . .. ,tpz,£) 
(and also for its followers), we decompose the factor Vifcl^ into SVik^ and 
Riciki . We notice that substituting the factor VikS, by Ricn-% will give us 
either a good or an undecided ^-contraction. 

Now, let us suppose that the ^-contraction C r g n a {ip\, . . . , ipz, £) (after the 
symmetrization — 2(V.;V fc <ffc) — > — 2(SVik£})) is hard. We then observe that 
the ^-contraction in Y< reR ^Cgl?(ipi, . . . , ipz,£) which arises from C T gi' a {ipi, . . . , ipz,Q 

by performing an integration by parts of £j and hitting — 2V fe £fc and sym- 
metrizing by — 2(ViV fc <ffc) — > — 2(S\/'ik£ k ) and then by substituting factors 
R only by — 2V l £j is also hard. Furthermore, any ^-contraction which arises 
from C'n(ipi, ■ ■ ■ , ipz, £,) or from C r g n' a {ipx, . . . , ipz, £,) by substituting factors R 
only by — 1£| 2 is stigmatized of type 2. 
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So we notice that for each ^-contraction that we put into PO[C g ™ (tpi , . . . , ipz)] 
or H[C g ™ (tpi, . . . , ipz)}: the ^-contractions that we will put into Stig 1 [C g n (ipi, . . . , ip z )\ 
or Stig 2 [C g n(ip u . .. , ip z )] will be of the form described in lfT2~2"|) and fH?5|) . 

We have shown our Lemma. □ 

We now want to apply the above Lemma in order to prove equations (|118ll 
and (|TT9|l . 

We make a notational convention: Given any contraction C gn (ipi , • ■ ■ , ipz) in 
the form ijH^l) . let us write it as C z ' gn {ipx, . . . ,ipz) ■ R a , where C z ' gn (ipi, . . . ,ipz) 
does not contain factors R. 

We then define: 



E refl ,C£„(V>i, • ■ ■ = C%„(V-i, ■ • ■ ,Vz) ' [G(ii,a,-2V*&)+ . ^ 

_ (125) 
T(i?,a,-2V^,-|e| 2 )] 

In the above, each summand on the right hand side arises from one of the sub- 
stitutions described in the definitions of G(R, a, — 2V J f;) and T(R, a, — 2V l £i, — |£| 2 )- 
Also, given any hard ^-contraction C gn (ipi, . . . ,tpz,£,) in the form 1)64(1 . we 

write it as C h gn (ipi, . . . ,ipz,£) • R a , where C h gn (ipx, . . . ,ipz,£) is m the form 
l|64|) and does not contain factors R. We then define: 



E weWh Cll (V-i, • . . , Vz, I) = C h ' gn (Vi, • . . , i>z) ■ [G(R, a, -2V'£)+ 

_ (126) 

T(JZ, a, -2V^H£| 2 )] 

In the above, each summand on the right hand side arises from one of the substi- 
tutions described in the definition of G(R, a, -2V*|f) and T(R, a, -2V l &, -|£| 2 )- 
We now prove equations (|118|l and (|119() through an inductive argument. We 
first recall the terminology and notation used in the previous Lemma. Consider 

For any complete contraction C gn (ipi, . . . , ipz) consider the sublinear combina- 
tion of its good, hard or undecided descendants, say £ xe x o C x CJn (ipi, . . . , ipz, £)• 
We perform integrations by parts in the expression 




e ( "- B)f '*{E tt6 A&«[C£»(V'i> ■ ■ ■,1>z)+Xxex*c x C%„(il> 1 , . . . ,ip z ,£)]}dV gN = 



as explained in the previous Lemma. Whenever we encounter hard or stig- 
matized ^-contractions, we stop (and do not discard). In the end, we are left 
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with a linear combination of sums of complete contractions: 




e (N-n)£-2{x zezQ *( N } azC z N ^ . . . ^z) + Y, heH Q h {N)a h C h gN (i, 1 , . . . ,^,f) 



+ X zeZ Q z (N)a z {X reRZ C r gN (tP u . . . ,i>z,£)} + 
^ h e H Q h {N)a h [Z weWh C g " N ^ u . . .,il>z&]}dVgH = 

(127) 

In the above equation each rational function has degree zero and leading or- 
der coefficient 1. Moreover, 'S z£Z Q z (N)a z C gN (tpi, . . . , ipz) is the sublinear com- 
bination that is dropped into PO[. . . ], while Y,h£HQ h (N)ahC gN (ipi, . . . ,ipz,0 
is the sublinear combination that arises by summing over all the sublinear com- 
binations of hard ^-contractions in the form £/ e i?a/Cj,i (?/>i, . . . ,ipz,£,) on the 
right hand side of lfT2Tl . Then Y, reRZ Q z {N)C r gN (ipi, . . . , i>z, I) and 
T, wGW hQ h (N)C g u N (tpi, . . . ,^z,£,) are the sublinear combinations of hard and 
stigmatized (of both types) ^-contractions that arise from Y, z( zz<i z C gN (tpi, . . . ,ipz) 
and Tih^HihCgN (ipi, . . . , ipz,0 respectively, by performing the substitutions for 
the factors R that are explained in (jl25[l . (jl26[l . 

Our inductive assumption is the following: For any T, We define Z T c Z 
to be the index set of complete contractions C gN (ipi, . . . ,ipz) with T factors 
R. Furthermore, we define Z' T to be the index set of complete contractions 
C z n (tpi, ■ ■ •> tyz) with more than T factors R. We also define H T C Z to be be 
the index set of complete contractions C gN (V>i, ■ ■ ■ , ipz) with T factors R. Also, 

we define H l T C H to be the index set of ^-contractions C gN (ipi > • • • > ipz, £) with 
more than T factors R. We now inductively assume that for some T: 

Z ze z\Ta z C z gN (i>i,...,iJz) = (128) 

and 

^ H \Ta h C h gN {^ x , ...,il> z ,& = (129) 
We furthermore assume that: 

Z zeZ iTa z [£ reR zC gN (ipi, ...,ipz,0}=° (I 30 ) 

and also that: 

^heH\Tah[^wew-C gN (^i, . . . , ipz,i)] = (131) 
Our goal will be to prove: 

£ 2eZ Ta z C s z N (Vi,...,Vz) =0 (132) 
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^heH T a h Cg N {ipi, ...,tp z ,O=0 

and furthermore: 



(133) 



E zez ra4S refl ,q w (^i,...,Vz,|)]=0 (134) 

^heHTa z [Y lreR hCg N (ip 1 , ...,ip z ,£)]=0 (135) 
We first state and prove a Lemma that will be useful for this purpose: 

Lemma 19 Suppose we are given a set of hard £- contractions {C g „(ipi, . . . ,ip)z,£)}i£L, 
each in the form j6'4[ ) with k — (meaning no factors and of weight —n. We 
suppose that: 

Ei eL a l C l g „(i h ,...,ij z ,Z) = (136) 

for every (M n ,g n ), for every ipi, . . . ,ipz € C°°(M n ) and every coordinate 
system. 

We define the subsets L m C L as follows: I G L m if and only if C l gn (i[>i , . . . , ipz, 
has m factors R. We then claim that for each L rn for which L rn ^ 0; 

Zi &L ™a l C l g „(i h ,...,i; z ,g) = (137) 

The same result is true if we have complete contractions C gn (ipx, ■ ■ ■ ,ipz) 
instead of hard ^-contractions C gn (ijjij ■ ■ ■ ,4>z,£)- 

Proof: We will think of the ^-contractions C l gn (V>i , . . . ,tpz,0 as being in the 
form 1|44|) . It is straightforward to notice that any ^-contraction in the form 
(|64() with m factors R will give rise to ^-contractions in the form (|44|l with m 
factors R. 

Let us suppose that for some M > we have that for each /i > M: 

Y,i eL ^aiC l gn (i(; 1 , . . . , tp s ,() = 
Notice that if we can prove that: 

E leL Ma l C l gn (ip 1 ,...,^ z ,i) = (138) 

then the whole Lemma will follow by induction. In view of our induction 
hypothesis, we erase the sublinear combination X M> M^ieL»a-iC gn (ipi, . . . , ip s , £,) 
from 

Recall that equation l|13tj|) holds for any Riemannian metric, any functions 
ipi,... ipz, any coordinate system and any £. Hence, equation i|13(jD must hold 
formally. 

If we can prove that the number of factors R in a complete contraction of 
the form l|44l) remains invariant under the permutations of Definition [7| we will 
have our Lemma. 
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For any complete contraction C gn (ipi, ■ ■ ■ ,ipz,0 of the form H64fl . we will 
call one of its factors V™ Tm Rijki connected if one of the indices . . . , I con- 
tracts against another factor in C l gn (ipi , . . . ,tpz,0- By virtue of the identities 
in Definition [7| we observe that any permutation of indices in any connected 
factor ^^ l 1 ...r m Rijki in C l gn (ipi, ■ ■ ■ , ipz, will give rise to a complete contraction 
CgnCV'i! ...,"02,0; which is obtained from C l gn (ipi, . . . , ipz, £,) by substituting its 
factor V™ rm Rijki by a number of factors V p Riju, each of which is connected 
in C l gn (ip x , ■ ■ -,ipz,£)- 

For any complete contraction of the form C l gn (ipi , . . . , ipz , 0, we will call one 
of its factors V™ Tm Rijki m-self-contained if all the indices n,...,Z contract 
against another index in V™_ r Rijkl- We now observe that any application of 
the identities of Definition [7| to a factor VJ? . r Rijkl will give rise to a complete 
contraction C l gn (ipi, . . . , ipz, £), which is obtained from C l gn (ipi, . . . , ipz, £) by 
substituting its factor V™ ... rm Rijki by a number of factors \7 p Rijki, each of 
which is either m-self-contained or connected in C l g n(ipi, ■ ■ ■ , ipz, £)• 

Hence we have shown our Lemma. □ 

We now show l|lcS2fl .We observe that if a complete contraction C gN (ipi , . . . , ipz) 
has 7 factors R, then each ^-contraction C gN (ipi, ...,ipz,£) with r G R z has 
strictly less than 7 factors R. Furthermore, if C gN (ipi, ...,ipz,£) has e factors 
R then each (7^,(^1, ■ ■ ■ ,ipz),w £ W h has strictly less than e factors R. Fi- 
nally, we notice that along the iterative integrations by parts the number of 
factors R either decreases or remains the same; it cannot increase. Now, we 
want to apply Lemma PHI and Ij97|) to the case at hand. For any ^-contraction 
C g -n(ip\, . . . ,ipz,i), we have defined 0[C g -n{ip\, . . . ,tpz,Q to stand for its out- 
growth. We also define H[C g ™(ipi, . . . ,ipz,C)\ to stand for the sublinear com- 
bination of the hard ^-contractions that arise along its iterative integration by 
parts. We then re-express the equation in Proposition as follows: 



E£ =0 {E J(gZ ma,C!„ (iPu ... , iPz, + £ reiJ *0[C;„ ■ • • , i>z, 0]}+ n on . 
E m= o{E/ ie H">a/iE w6W rhO[C ff „(r/'i, ■ ■ ■ ,ipz)]} = 

Let us consider the sublinear combination of complete contractions in (|139[) 
with T factors R. It follows from our reasoning above and from Lemma 1151 
that it is precisely the left hand side of Ijl32|l . Hence, invoking Lemma fTT?! we 
will have (|132|) . Therefore, by the construction of T, rG RzC gn (ipi, . . . , ipz,£), we 
obtain \IM\ . 

Furthermore, we re-express l|97[) as follows: 



^ {-£ heHm a h C^(ip u ...,ip z ) + V w&wh H[C™ n {iPi, . . .,ipz,i)}+ . . 

_ (140) 

S^ = o{E, ez »o,[S r6 fl.ff[CT-(^i, • • • , Vz.O]} = 
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Now, we consider the sublincar combination of ^-contractions in the above 
equation with T factors R. From our reasoning above, from Lemma ITol and also 
from equation l|132f) . we have that that sublinear combination is precisely the 
left hand side (|133[) . Hence, invoking Lemma IT51 we have Finally, (|135[l 

follows from (|133|) and from its definition. 

Hence, in view of (|132[1 and Lemma ITH1 we obtain l|118|) . I|119|l . 

This completes the proof of our Proposition 0] □ 

We now state a fact that illustrates its usefulness. 

Lemma 20 Consider a good or undecided or hard ^-contraction C g n (tpi, . . . ,ipz,£), 
of ^-length L. We then have that PO[C g n (-0!, . . . , ipz, £)] w ^ consist of complete 
contractions of length greater than or equal to L, or PO[C g ™ (ipi, ■ ■ ■ , ipz, £)] = 0- 
We also consider the hard or the stigmatized ^-contractions that arise along 
the iterative integrations by parts. We claim that any such £- contraction has 
^-length > L. 

Proof: The proof is by induction. Initially, to make things easier, con- 
sider the case where the are no factors |£| 2 in C g n(tpi, . . . ,ipz,0- So, think of 
C g ™ (ipi , . . . , ipz , as being in the form IjMfl with £- length M and with E factors 
£ and C factors SV m (;. We will perform induction on C + E. 

Initially suppose C + E = 1. Then if C = 1,E = 0, our ^-contraction is 
hard, so PO[C g n (ipi, . . . , ipz, £)] = 0. If E = 1, C = 0, the proof is the same as 
for the inductive step: 

Suppose we know the claim is true for E + C — p and we want to prove 
it for E + C = p + 1. So, pick out a factor £j and do an integration by parts 
with respect to it. If Vj hits a factor V m Rijki or V p Ricij or V p ipk, we get a 
^-contraction in the form l|t)3|) or (|64fl with E+C = p and ^-length M . If Vj hits 
a factor £, we get a ^-contraction in the form l|t)3|) or H64|) with E + C = p and 
£- length M + 1. If it hits a factor SV m £ (m > 1), then after applying identity 
(|65|) , we obtain a linear combination of complete contractions in the form I|tj3fl 
or (JMI) with C + E = p and £ length > M. 

Now, suppose we do allow factors £*| 2 in C g ™ (tpi, . . . , ipz, £)■ We again pro- 
ceed by induction on the number C+E. If all the ^-factors in C g ™ (tpi, ■ ■ ■ , ipz, £) 
are in the form |£| 2 or SV m £,, we already have a stigmatized ^-contraction. 
Hence, PO[C g n (tpi, . . . , ipz, £)] — in that case. Otherwise, there is at least 
one factor £j that does not contract against another factor £. We integrate by 
parts with respect to it. If Vj hits a factor V m Rijki or V a RiCij or £ or £| 2 , 
we fall under our induction hypothesis with £- length M or M + 1. If it hits a 
factor SV m £, we apply (|65|l and obtain a a linear combination of ^-contractions 
that fall under our induction hypothesis, by the same reasoning as above. That 
completes the proof of the Lemma. □ 
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6.4 Conclusion: The Algorithm for the super divergence 
formula. 

We want to apply Proposition^] and see how it can provide us with a divergence 
formula for Ig„ (tpi, ■ ■ ■ , ipz )■ The Proposition gives us an algorithm: 

Write Ig n (tpi, ■ ■ ■ , ipz) — ^reR a rC r gn (tpi, . . . , ipz), where each complete con- 
traction Cg„ (ipi, . . . ,tpz) is in the form 

For each complete contraction Cg» (ipi , . . . , ipz) we consider the set of its 
good or undecided descendants, along with their coefficients (see definition 1 12|) . 
say a b C r g £(ipi, . . . , tpz,£,),b £ B r . So each Cg\(ipi, . . . , ipz, £,) is in the form 
or (|64|) and has S b ^-factors (see definition^. 

We then begin to integrate by parts each ^-contraction Cg'„(ip±, . . . , ipz, £), 
and make the following convention: Whenever along this iterative integration by 
parts we obtain a hard or a stigmatized ^-contraction (see definition 1 16f) . we dis- 
card it. For each ^-contraction C r g £(ipi, . . . ,tpz,Q, consider the ^-contractions 
a x Cg'n' x (ipi , ■ ■ ■ , ipz ,0, x G X b we are left with after S b — 1 integrations by parts 
(along with their coefficients). They arc in the form (|63|l with one factor £. 

We then construct vector fields (Cg' n ' x y(ipi, . . . ,ipz) out of each 
Cg'^' x (ipi, ■ ■ ■ ,ipz,0 by crossing out the factor ^ and making the index that 
contracted against j into a free index. By virtue of Proposition^] we have: 

Ig n (ipi, ■ ■ -,ipz) = ^ reR a r Y, be B^a b Y lx£X bdiv j a x {C r gi ,x ) 3 (ipi, . . -,tpz) (141) 

We will refer to this equation as the super divergence formula and denote it 
by supdiv[Ig n (ipi, . . . ,ipz)] = 0. We note that there are many such formulas, 
since at each stage we pick a factor £ to integrate by parts (subject to the re- 
strictions that we have imposed because of Remark^. 

Now, a notational convention and two observations: Firstly, for any complete 
contraction Cg n (tpi, . . . , ipz), define: 

Tail[C r gn (tPi, ■ ■ -M] = CJ-tyi, ...,iPz) + X beBr a b PO[C r g£^i, ■ ■ -,^z,0] 

(142) 

Then, notice that if the complete contraction C r gn (tpi, . . . , ipz) has length L, 
then each complete contraction in its tail will have length > L. This follows 
from Lemmas I2UI and [TBI 

Furthermore, we see that the super divergence formula holds for any 
Ign (ipi, . . . , ipz) = YireR a rCgn (tpi, . . . ipz) where each complete contraction is in 
the form Ij62(l with weight — n, for which J M „Ign {ipi, ■ ■ ■ , ipz)dV g ^ = for every 
compact Riemannian (M n , g n ) and any tpi, . . . , ipz G C oc (M n ). In other words, 
the super divergence formula does not depend on the fact that Ign (tpi, . . . ,tpz) 
arises from a polarization of the transformation law of P(g n ). 
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6.5 The shadow formula. 



We will draw another conclusion from the Lemma ITT1 and Proposition 0] 

As before, write Ig„ ("01, • • • , ipz) = ^reR a rCg n (ipi, ■ ■ ■ , ipz), where each 
complete contraction C r gTl (ipi, . . . , ipz) is in the form l|62[l . 

For each complete contraction Cg„ (ipi , . . . , ipz) we consider the set of its good 
or undecided or hard descendants, along with their coefficients (see definition 
say abCg'^(^i, . . . , ipz,£), b 6 B r . So each Cg„ (ip\, . . . , ipz, is in the form 
<|63|) or (|64fl and has Sb ^-factors. 

We then begin to integrate by parts each ^-contraction C g ' b (ipi, . . . , ipz,£), 
in the order explained in definition 1 171 We make the following convention: 

Whenever we encounter a hard or a stigmatized ^-contraction, we put it 
aside. Whenever we encounter a good ^-contraction with k — 1 (and I = 0), we 
discard it. 

We then consider the set of the hard or stigmatized ^-contractions, along 
with their coefficients, that we are left with after this procedure. Suppose 
that set is {atC gn {ip\, . . . ,ipz,(,)}teT- We then have the shadow formula for 
JjUVr,...,^): 

£ te Ta t C*„(Vi,...,Vz,D=0 (143) 

for every (M", g n ), every tpi, . . . , ipz 6 C°°{M n ), any coordinate system and 
any £ £ R". We will denote this equation by Shad[Ig n {ip 1 , . . . ,ipz,Q] = 0. It 
follows, as for the super divergence formula, that the shadow equation holds for 
any I g „ (tpi, . . . , ipz) that integrates to zero on any (M™, g n ), for any ipx,...,ipz 
and for any coordinate system and any £ £ M. n . It does not depend on the fact 
that Ig n (ipi, . . . , ipz) is the polarized transformation law for some P{g n ). 

Recalling the notation of Definition 1211 we additionally define: 

TaAl Shad [Cl^u . . .,iPz)] = ^ beBr a b {H[C b gn {iPu ■ ■ ■ ,1>z,&\ 

_ _, (144) 

+ Stig 1 [C b gn (ih,...,ifi z ,t)] + Stig 2 [C h g„ , . . . , ipz, £)]} 

We may then re-express the shadow formula as: 

^ reR a r Tail shad [C r g Mi, ■ ■ -M] = (145) 

The above equation follows straightforwardly from Lemma ITT1 and also from 
equation (|119fl . 

Moreover, for future reference we define: 

Shad [C b gn (iPi,...,iPz, I)] = H[C b gn (iPi,...,iPz, £)] + Stig 1 ^ (^i, . . . , ^,|)]+ 
Stig 2 [C b gn {ip 1 ,...^ z ,0] 

(146) 
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We furthermore show the following: For any m > 0, let T m stand for the 
sublinear combination in (|143|l with m factors |£| 2 . We then also have: 

E ieTm a t C^„(^ 1) ...,Vz,D=0 (147) 

for every (M n ,g n ), every i/ji, . . . ,tpz £ C°°(M n ), any coordinate system and 
any f g R". 

This follows since (|143|) must hold formally and the number of factors £ 
that contract against another factor £ is invariant under the permutations of 
definition [7| 

Furthermore it follows, from Lemma [TBI and also from Lemma l2*Ul that if a 
complete contraction C l gn ( 4>i , ■ ■ ■ , ipz) of length L in I gn , . . . , i\)z) gives rise 
to a hard or stigmatized ^-contraction C n(ipi, ■ ■ ■ , ipz, m <|143[) . by the pro- 
cedure outlined above, then C l g '^(^i, . . . ,ipz,C) will have ^-length > L. 
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